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About this book 
Th is book is one in a series of tex tbooks des igned to provid e you 
w ith exceptiona l pre pa ration fo r AQA's new Ad vanced GCE 
Specifica tio n B. The se ri es authors a re all seni o r m embers o f th e 
exa minin g tea m and have prepared th e tex tboo ks specifi ca lly to 
support yo u in stud yin g thi s course. 

Finding your way around 
The foll owin g a re th e re to he lp you find your way around w he n 
you are stud yin g a nd revisin g: 

• edge marks (shown on the fro nt page ) - these he! p yo u to 
ge t to th e right chapte r qui ckl y; 

• contents li st - thi s id entifies th e individua l sec tio ns dealin g 
w ith key sylla bu s con cepts so th a t you can go s tra ight to the 
a reas th a t you a re looking fo r; 

• index - a number in bold type indi ca tes w here to find the 
main entry for tha t topic. 

Key points 
Key po ints are n o t only summa ri sed a t th e end o f each chapte r 
but arc a lso boxed and highli ghted w ithin th e tex t like thi s: 

r i :,. A parameter is a nume ri ca l prope rty of a populat ion a nd 
Y a stati stic is a numeri ca l property of a sample . 

r 

Exercises and exam questions 
Worked exampl es a nd ca refu lly g raded qu es ti on s fa mili a ri se you 
w ith th e specification a nd bring you up to exa m s tand a rd . Each 
book conta in s: 

• Worked exampl es a nd Worked exa m qu es tion s to show you 
how to tackle typica l ques tion s; Exa miner's tips w ill a lso 
provid e guid ance; 

• Graded exercises, g radu a ll y in creas in g in difficul ty up to 
exa m -level qu es ti on s, w hi ch a re m arked by a n [A]; 

• Tes t-yo urself sec tion s fo r each cha pte r so th a t yo u ca n check 
yo ur und erstanding o f the key as pects of tha t ch a pte r a nd 
id entify an y sec ti on s th a t you sho uld review; 

• An swe rs to the qu es tion s a rc in cluded a t the end of th e boo k. 
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Learning objectives 
After studyin g thi s chapter, you shou ld be ab le to : 
• identify diffe rent types of var iable and to di stinguish betwee n primary and secondary data 
• und erstand the term s popu lation, sa mple, parameter, stati s tic 
• und erstand th e concept of a simple random sample. 

1.1 What is statistics? 
,~ Statistics is about all aspects of dea lin g with data : how to 

collec t it, how to summari se it numerica lly, how to present 
it pictoria lly and how to draw conclusions from it. 

This chapte r introduces some sta ti s ti ca l te rminology you will 
need to und e rstand. 

Sta ti sti cs dea ls w ith event s w hich ha ve m ore than one poss ibl e 
outcom e. If yo u buy a sa nd w ich, in a ca nteen, priced at £1.20 
and o ffe r th e cas hier a £5 note you shou ld receive £3.80 in 
cha nge. This is not stati sti cs as there is (or shou ld be ) only one 
amount o f chan ge poss ible . 

If th e ca ntee n manager wishes to know how much customers 
spe nd when visiting the ca nteen, thi s is s tati stics beca u se 
diffe rent customers spend different amounts. 

The quantity w hich var ies- in thi s case the amount o f m oney­
is ca ll ed a variable . 

Who uses statistics? 
• Ca r m a nufac ture rs: to en sure components m eet speci fi ca tion. 
• Docto rs: to compare the res u lts o f diffe rent trea tment s fo r the 

sa m e condition . 
• Government: to plan provision of schools and health servi ces. 
• Sc ientists: to test the ir theories . 
• Opinion pollsters : to find th e public's opinion on loca l or 

na ti ona l iss ues. 



2 Introduction co stouscics 

Types of variable 
Qualitative variables 
There are a number of different types of va riable. 

Qualitative variables do not have a numerical va lue . 
Place of birth, sex of a baby and colour of ca r are all 
qualitative variables . 

Quantitative variables 

Quantitative variables do have a numerica l va lue. They 
ca n be discrete or continuous . 

• Discrete variables take values which change in steps: 

@000 
The number of eggs a hen lays in a week ca n onl y take whole 
number va lues. Discrete mea ns separate- there are no possible 
va lues in be tween. 

Variables which are counted, such as the number of ca rs 
cross ing a brid ge in a minute, are di screte, but di screte va ri a bles 
are not limited to whole number va lues . For example, if a 
sample of five components is examined, the proportion which 
fa il to meet the specifications is a di screte va riable which ca n 
take th e va lues 0, 0.2, 0.4, 0 .6, 0.8 and I . 

• Continuous variables ca n take any va lue in an interva l. For 
example, height of a child, length of a component or weight 
of an apple. Such variables are m eas ured, not counted . 

+------12.423 em----.. 

A liza rd co uld be 12 em long, or 12.5 em, or an y length in 
between . In practice length will be mea sured to a given 
accuracy, say the nea res t millimetre. Only certain va lues wi ll be 
poss ible, but in theory there is no limit to the number of 
different poss ible length s. 

Sometimes variables which are stri ctly discrete may be treated 
as continuous. Money changes in steps of lp and so is a di scre te 
va riable. However, if you are dealin g w ith hundreds of pound s 
the steps are so small that it may be treated as a continuous 
va ria ble . 



Primary and secondary data 
A vas t amount of data on a wide va ri ety of top ics is publi shed by 
the government and other orga ni sa tions. Much of it appears in 
publica ti ons such as Monthly Digest of Stat istics, Social Trends and 
Annual Abstract of Statistics. These wi ll provide useful data for 
many invest igations . These data are known as secondary data 
as they were not collected spec ifically for the invest igation . Data 
which are collected for a specific inves tigation are known as 
primary data. 

EXERCISE lA 
1 Classify each of the followin g va riables as either qualitative, 

di screte quantitative or contin uous quantitative: 

(a) colours of roses, 

(b) numbers of bicycles owned by fami lies in Stockport, 

(c) ages of students at a co llege, 

(d) volumes of contents of vinegar bottles, 

(e) countries of birth of Brit ish citi zens, 

(f) numbers of strokes to complete a round of go lf, 

(g) proportion s of faulty va lves in sa mples of size ten, 

(h) diameters of cricket ball s, 

(i) prices, in£, of chocolate bars, 

(j) makes of ca r in a ca r park. 

1.2 Populations and samples 
What is the average height of women in the UK? To find out, 
you could , in theory, measure them all. In practice this wou ld be 
impossib le. Fortunate ly you don' t need to. In stead you ca n 
meas ure the heights of a sa mple. Provided the sample is 
ca refull y chosen you ca n obtain almos t as much information 
from the sa mple as from meas uring the height of eve ry woman 
in the UK. 

In stati sti cs we di stingui sh between a population and a 
sample . 

A population is all the poss ible data and a sample is part 
of the data. 

IntroductiOn w staustiCS 3 



4 lntroductioh to stat1st1cs 

Th e population is all the poss ib le data 

A sa mple is part or the data 

Sampling is u seful beca use it redu ces the am ount of data you 
need to collect and process. It a lso a llows you to ca rry out a tes t 
without affecting all th e popula ti on . For exa mple, the conte nt s 
of a sample of tubs of margarine, from a large ba tch, might be 
weighed to ensure that the actua l contents matched that 
claimed on the label. Emptying the tubs to weigh the marga rine 
makes them unsa leable, so it wou ld be ridicul ou s to weigh the 
contents of the whole population of tubs. 

A numerica l property of a population is ca lled a parameter. A 
numerical property of a sample is call ed a statistic . For 
exa mple, the proportion of tub s in the con signment containing 
more than 450 g of marga rine is a param eter, while the 
proportion in the sa mple is a stati stic. Similarly, the mea n 
height of all adu lt females in the UK is a parameter, while the 
m ean h eight of the adult females in the sa mple is a stati s tic. 

f i' ~ A parameter is a numerica l property of a population and 
~.J a statistic is a numerical property of a sample. 

EXERCISE 18 

I Read the followin g passage and identify an exa mple of: 

(a) a population, 

(b) a sample, 

(c) a parame te r, 

(d) a statistic, 

(e) a qualitative variable, 

(f) a discrete variable, 

(g) a continuou s variab le, 

(h) primary data , 

(i) secondary data . 

The difference between a 
population and a sample is of 
great importance in chapter 6 
and in later statistics modules. 



A South American sports journali st intends to write a b.o~~ about 
football in hi s home country. He will analyse all firs.t diVISIOn m~tches 
in the season. He records for each match whether It IS a home wm , an 
awa win or a draw. He also records for each match the total. number 
of g~al s scored and the amount of time p.layed before a goal IS scor~d . 
Reference books showed that in the previOUS season the mean num er 

2 317 On the first Saturday of the season he of goals per game was · · h 
recorded the number of goals scored in each match and calculated t e 
mean number of goals per match as 2.41 2. For the whole season the 
mean number of goals per match was 2.2 19. 

-

EXERCISE IC 
Read the following paragraph: 
'All pupil s a t Gortin cham High School undergo a m edical 
exa mina tion during their fir st year at th e school. The data 
record ed for each pupil include place of birth, sex, age (in years 
and month s ), height and weight. A summary of the data 
collected is availa ble on requ es t. A class of stati stics stud ents 
decides to collect data on the weight of second year pupils and 
compare them with the data on fir st year pupil s. It is agreed that 
the da ta will be collected on e lunchtime. Each member of the 
class will be provided with a se t of bathroom scales and will 
weigh as many second year pupil s as poss ible. At the end of the 
lunchtime th ey w ill each report the number of pupil s weighed 
and the m ean of the weights record ed .' 

1 In the para graph you have ju st read identify: 

(a) two qualitative variables, 

(b) two continuous variables, 

(c) one discrete quantita tive va riable, 

(d) second ary data , 

(e) primary data, 

(f) a population, 

(g) a sa mple, 

(h) a sta tistic. 

1.3 Sampling without bias 
When you are selecting a sample you need to avoid bias -
anything w hich makes the sa mple unrepresentative. For 
exa mple, if you wa nt to es timate how often residents of 
Manches te r visit the cinema in a year it would be fooli sh to 
sta nd ou ts id e a cinema as the audience is coming out and ask 
people as they pass. Thi s would give a biased sa mple as all th e 
people you as k would have been to the cinema a t least once that 
yea r. You ca n avoid bias by takin g a ra nd om sample. 

Introduction to sta ti stics 5 

Sampling is a major topic in 
module S2. 



6 lntroductlofl w statiStics 

Random sampling 

For a sa mple to be rand om eve ry m ember o f the po pu lation 
mu st have a n equa l chance of be ing selec ted . However, thi s 
a lone is no t suffi cient. If th e popu lation con sis ts o f 10000 
he ight s and a ra nd om sa mp le o f size 20 is required th en 
eve ry possible se t o f 20 he ights mu st have an equa l chance 
o f be in g chosen . 

For exa mp le, suppose th e popu lation cons is ts o f the he ight s of 
100 st ud ent s in a co ll ege and you wish to take a sample of size 
5. The st ud ent s' n a m es arc arranged in a lphabe tica l o rd e r and 
numbered 00 to 99. A number be tween 00 and 19 is se lec ted by 
lo tte ry m e thod s. For exa mple, place 20 eq ual ly s ized bal ls 
numbered 00 to 19 in a bag and ask a blindfold ed assistant to 
pick one out. Thi s student and every 20th one therea fte r are 
chosen and the ir he ights m eas ured . That is, if the number 13 is 
se lec ted then the s tud ent s numbered 13, 33, 53, 73 and 93 a re 
chosen. Every student wou ld have an equal chance o f be in g 
chosen. However, a sis ter and bro the r w ho were nex t to each 
ot he r in th e a lphabe ti ca l list could never bo th be includ ed in the 
sa m e sa mp le, so thi s is not a rand om sa mple. 

Usual ly, if you decid e to choose five s tud ent s a t rand om you 
intend to choose fi ve different s tud ents and would no t con sid e r 
choosing th e sa m e stud ent tw ice. Thi s is known as sa mpling 
without re placement. 

f "i; _.. A rand o m sa mple chosen without replacement is ca ll ed a 
f~ simple random sample . 

Key point summary 

Statistics is about a ll aspec ts of dea lin g with data. pi 

2 Qualitat ive variables do not ha ve a numerica l va lu e. p2 

3 Discrete quantitative variables take va lues p2 
w hich chan ge in steps. 

4 Continuous quantitative variables can take a n y p2 
va lue in an interval. 

5 A population is all the data. p3 

6 A sample is part of th e data . p3 

7 A parameter is a nume ri ca l property of a p4 
population. 

8 A stat istic is a numerica l property of a sa mpl e. p4 

Not every set of five students 
could be chosen. 

In this unit you are expected to 
understand the concept of a 
simple random sample but it will 
not be tested in the written 
examination. 



9 A random sample of size n is a sample selected p6 
so that all possible samples of size n have an 
eq ual chance of being selected. 

I 0 Simple random sa mples are selected without p6 
replacement. 

Test yourself 

1 Expla in the difference between a popu lation and a sample. 

2 State the type of each of the fo ll owing va riables: 

(a) time you have to wa it to sec a doctor in a casualty 
department, 

(b) colour of eyes, 

(c) proportion of rain y da ys in a give n week. 

3 Ex pla in the difference between a stati stic and a parameter. 

4 An in specto r rests every I OOth asse mbl y coming off a 
production line. Explain why thi s is nor a random sample of 
the assemblies. 

5 Expla in the difference between primary and secondary da ta . 

Test yourself ANSWERS 
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What to review 

Section 1.2 

Section 1.1 

Sect ion 1.2 

Section 1.3 

Section 1.1 



Learning objectives 
After studying this chapter, you should be able to: 
• calcu late the mode, median and mean 
• calcu late the standard deviation, variance, range and interquartile range 
• use these statistics to compare se ts of data 
• se lect numerical meas ures which are appropriate in particu lar circumstances. 

You wil l ha ve m et most of the material in this chapter when 
studyin g for GCSE. Bewa re - questions on thi s topic are often 
bad ly answered, probably beca use stud ents think it is 
unnecessary to revise these topics. 

2.1 Measures of average 
There are three main measures of the Low High 

'average' of a se t of numerical data , a~verage average 

which you will have met at GCSE: 
the mode, the median and the mean . 

Mode 
f The mode is the most frequ ently occurring va lue (most 
... i ·;,;;, popular), and is the eas ies t to obta in - ju st see which va lue 
~J occurs most often in th e data . 

Median 

The m edian is the central va lue when the data are 
arranged in order of ma gnitude. 

Mean 

The mean is commonly ca ll ed the 'average' va lue, and 
requires more calculation than either of the other two 
m easures. You add all the va lues, then divid e this tota l by 
the number of va lues. 

These three measures of average 

tell us something that is typical of 
a set of data. 

Sometimes the term 'modal 
value' is used. 

Unlike the other 'averages,' all 
observations contribute to the 

mean. For most purposes it is 
the most useful measure of 
average. 



Worked example 2.1 
The number of fi sh cau ght by each of 20 anglers is given in th e 
table below. 

Find: 

4 7 

6 8 

12 

15 

13 0 

9 6 

5 2 1 

0 14 

13 

12 

(a) the modal number of fi sh per angler, 

(b) the media n number of fi sh per angler, 

(c) the m ean number of fi sh per an gler. 

Solution 

10 6 

6 8 

For both the m ode and the medi an, it is clea rer if th e numbers 
are arranged in o rd er: 

0 0 4 5 6 6 6 6 7 8 

8 9 10 12 12 13 13 14 15 2 1 

(a) The modal number of fi sh is 6, a s 6 occurs m ore frequ entl y 
than a ny o ther valu e (it occurs four times ). 

(b) As there a re an even number of va lues (20) you need to 
look a t th e lOth and llth value in the ord ered list. As both 
va lues a re 8, then the median number of fi sh is 8 . 

(c) The sum of the 20 va lues is 175. So the mean number of 

f. h . 175 5 
IS IS -- = 8. 7 . 

20 

Wh en the data are given in a frequ ency tabl e, th e cal cul a tion of 
these three avera ges is made a little eas ie r. The f requency is the 
number of times an observation occurs. 

Worked example 2.2 
A reunion was he ld 20 yea rs a fte r th e members of Fo rm 11 KQ 
had le ft the schoo l. The number of children each form m ember 
has is given in th e ta bl e. 

Number of chi ldren 0 2 3 4 5 6 

Number of members 9 4 6 5 2 0 

Ca lculate (a) the m ode, (b) the media n, and (c) th e mea n 
number of children per member of th e form . 

Numenca/ measures 9 

With an odd number of values, 
there is one central value. If 
there are an even number of 
values, the median is halfway 
between the two central values. 

If the two central values had 
been 8 and 9, say, then the 
median would be the mid-point: 

8 

8.5 
median 

It is often more convenient to 
write the frequency table in 
columns. 

No. of No. of class 
chi ldren members 

9 

(x) (f) (x xf) 

0 9 0 
I 4 4 
2 6 12 
3 5 15 
4 2 8 
5 0 0 
6 6 

Total 27 4 5 





3 The weights o f the eight m embers of a rowing crew, in 
kilograms, are 107, 88, 90, 93, 110, 99, 86, 95 , to th e n ea res t 
ki logram. 

Find the m ea n weight o f a crew m ember. 

4 The table shows the number of tim es m y tea m scored 0, l , 2, 

... , goa ls in th eir 5 1 ga m es la st season . 

Number of goals 0 2 3 4 5 6 7 

Number of games 7 16 13 7 4 2 0 2 

Work out th e mode, the m ed ia n and the mean number of 
goa ls per ga m e. 

5 A die is thrown 40 times. The scores a re shown in the table. 

Score 2 3 4 5 6 

Frequency 4 5 6 10 8 7 

Work out (a) the mode, (b) th e median and (c) the mea n 
score. 

6 In th e 24 homework exercises th a t Henry co mpleted last 
term, hi s marks, out of 10 each tim e, arc shown in the tabl e. 

Mark 
(out of 10) 0 2 3 4 5 6 7 8 9 

Frequency 0 0 0 3 0 4 

Work out (a) th e mode, (b) th e median , and (c) the mea n 
homework mark . Which do yo u think gives th e most rea li st ic 
m ark? 

7 A set o f five who le numbers ha s a mode o f 3, a median of 4 
and a mea n o f 5. Li s t all possible se ts o f fi ve numbers ha ving 
these meas ures of average. 

Discrete and continuous data 
The questions in the exerci se above a ll used discrete data- goa ls 
in a game, or tomatoes on a plant. You could not have a score of 
4.73 o n a di e, and your tea m ca nno t score 2.735 goa ls in a 
ga m e. Di scre te da ta ca n take on ly certain va lues (in ma ny cases 
integers, as in the exa mples above). You ca n think o f them as 
countable data . If, howeve r, you were to weigh each tomato on 
a plant, you would not be res tri cted to whole number a nswers. 
Only the accuracy o f th e weighin g sca les would limit the number 
of decimal places you could have. You ca n think of continuous 
data as measurable - weights, length s, times, etc. When 
calcu lating 'average' va lues for continuous data, you usua lly need 
to put th em into suitable gro ups, or 'c lass inte rva ls' . 
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10 

13 

You have already met discrete 
and continuous variables in 
Chapter I. 





Instead of the mode, we could use th e modal class, which is 
the '1.10- ' class, as it has the grea tes t frequency ( ll ). Compared 
to the mode in example 2.3, thi s is a useful meas ure, as it will 
not be affected by small changes in th e data . 

To es timate the mean, we wi ll need to assume that each leng th 
in a cla ss is equal to the central va lue of that class- the class 
mid-mark length . As the rod s were measured to the nea rest 
centime tre, any rod of length greater than 0.995 m and smaller 
than 1.095 m wou ld go into the ' 1.00 m-' cla ss . The mid-mark 
value of this cla ss is therefore 1.045 . Similarly, for the othe r 
classes, the mid-mark va lues are 1.145, 1.245, e tc. A table m akes 
it clea rer. 

Length of rod 1.00 m - 1.10 m - 1.20 m - 1. 30 m - 1.40 m - 1.50 m -

Mid va lue 1.045 m 1.145 m 1.245 m 1.345 m 1.445 m 1.545 m 

Frequency 7 II 10 9 8 5 

The bes t estimate of the mean is: 

Numencol measures I 3 

See worked example 2.5 if 
classes are of unequal width. 

The mean may be obtained 
directly using your calculator. 

[(1.045 X 7) + (1.145 X 11) + (1.245 X 10) + (1.345 X 9) + (1.445 X 8) + (1.545 X 5) ] = 1.
275

m 

50 

If it had been possible to meas ure the lengt hs exactly, then the 
mid-mark va lues would have been 1.05, 1.15, 1.25, e tc. and th e 
mean length would have been 1.28 m . 

We co uld es timate th e median like this: 

There are 18 rod s less than 1.195 m, and there are 10 rods in th e 
nex t cla ss interval. The 25th and 26th rods wi ll there fore be 
between the 7th and 8th rods in the group,' 1.20 m- ' . 

71 
Our bes t estimate of the median wi ll be -

2 
into thi s group, 

10 

. ( 71 _m l 1.e. 1.195 m + lO X 0 . 10~ = 1.27m 

I l . ~ cla ss wid th 
ower limn num ber of 
of class observat ions 

in class 

Worked example 2.4 _ __ 
Students were asked how long they had spent on solvin g a 
homework problem . The res ult s are shown in th e tabl e . 

The median can also be 
estimated from a cumulative 
frequency curve. 

The accuracy of the timing is not 
stated. In this case assume that 
the times are exact, so the class 
mid-values are 5, IS, 25, 35, 45 
and 55. 

Time (t min) 0 ~ I < I 0 I 0 ~ I < 20 20 ~ I < 30 30 ~ I < 40 40 ~ I < 50 50 ~ I < 60 

No. of students 6 17 20 8 

Estimate the m edian tim e and th e mea n time spent on solving 
the problem . 

4 0 
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Solution 
There are 55 stud ents, so the m edian will be the tim e spent by 
th e 28 th stud ent . Th is is the 5th stud ent in the 20 ~ I < 30 

gro up . Our es tim a te o f the median is 20 + (_2__ X I o) = 22.5 
. 20 

mmutes. 

Our est ima te o f the mean is: 

[( 5 X 6 ) + ( 15 X 17 ) + (25 X 20 ) + (35 X 8 ) + (45 X 4) + (55 X 0)] 

55 

= 22.636363 ... or 22.6 m inutes. 

Worked example 2.5 
A compa ny sell s clothes by ma il ord er ca ta log ue. The sizes of 
skirt s are de fin ed by th e hip meas urem ent; thu s custom ers of 
the sa m e size w ill have different height s. The heights, to th e 
nea res t centimetre, of a sa mpl e o f fem ale cu stomers of size 16 
were record ed and are summa rised in the ta bl e below. The 
sa mple is thought to be represe ntati ve of th e heights o f a ll 
fem ale custom ers of size 16. 

Height (em) Frequency 

131- 140 6 

14 1- 150 30 

151- 155 17 

156- 160 12 

16 1- 170 23 

171- 190 19 

(a) For the height s of female custom ers of size 16; 

(i) identi fy the m odal class, 

(ii) es timate the mea n, 

(iii) es tima te the m edian . 

(b) The compan y decides tha t it is n ot econ omic to produ ce a 
ran ge of skirts designed fo r cu stom ers of the sa m e size but 
diffe rent heights. For each size, sk irts w ill be des igned for 
custom ers of a single heigh t. Sugges t a n appropri a te he ight 
for custom ers of size 16. Ex pla in yo ur an swer. 

Solution 
(a) (i) As the classes a rc of uneq ua l w idth the moda l class is 

the cla ss w ith th e grea tes t frequ en cy den sity. The 
frequ ency den sity is the freque ncy divid ed by the class 
width . 

There are 6 + 17 = 23 times of 
less than 20 minutes. 28 - 23 = 5. 

Frequency density is also used 
when drawing histograms. 



(ii) 

Height (em) Frequency 

131- 140 6 
14 1- 150 30 
151- 155 17 
156- 160 12 
16 1- 170 23 
17 1- 190 19 

The m oda l cl ass is 15 1- 155 . 

Height (em) Frequency 

13 1- 140 6 
14 1- 150 30 
151- 155 17 
156- 160 12 
16 1- 170 23 
17 1- 190 19 

Frequency density 

0.6 
3.0 
3.4 

2.4 

2.3 
0.95 

Class mid-mark 

135 .5 
145.5 
I 53.0 
158.0 
165.5 
180.5 

The es tim a te of the m ea n m ay n ow be found direc tl y 
using a ca lcula tor as 158. 0 a nd thi s is the 
recommend ed me thod . 
If you do not wi sh to obta in the mea n direc tl y using a 
cal cul a tor it is con venient to add a furth er column 
(Frequ ency X Class mid -m a rk) to the ta bl e. 

Height (em) Frequency, f Class mid-mark, x 

13 1- 140 6 135.5 
14 1- 150 30 145.5 
15 1- 155 17 I 53.0 
I 56- 160 12 I 58.0 
16 1- 170 23 165.5 
17 1- 190 19 180.5 

Numencol measures I 5 

As heights have been measured 
to the nearest centimetre the 
class 131 - 140 contains all heights 
between 130.5 and 140.5 and is 
therefore of width I 0. Similarly 
the class 15 1- 155 is of width 5, 
etc. 

fx 
8 13 

4365 
260 1 
1896 

3806.5 
3429.5 

2.! = 107 2.fx = 16 9 11 

'ifx 
m ea n x =-= 

'if 
169 11 

10 
= 158.0 

(iii) There a rc l07 observa tion s. 
( 107 + I) 

The medi a n w ill be th e = 54th in o rd er o f 
2 

magnitude. There a re 6 + 30 + 17 = 53 observa tio n s 
less tha n 155.5 em . The medi a n is therefore th e 
54 - 53 = 1st obse rva tion in th e cl ass 156- 160. Thi s is 
es tima ted by 155.5 + (ti ) X 5 = 155.9 em . 

(b) If sk irts a re to be des igned for customers o f a single height, 
the mos t suitab le height to choose is the mode as th ere a rc 
more customers o f thi s tha n o f a ny other he ight. 
Beca use height is continu ous, a moda l class of 15 1- 155, 
ra ther tha n a unique m ode has been found . A suita bl e he ight 
to des ign for would be the mid -point of thi s class, i.e. 153 em . 



16 Numenca/ measures 

EXERCISE 28 
In the following question s ass ume a ll the meas urements are exact. 

1 The we ights of a sample o f 40 item s taken at rand o m from a 
produ ction line are g iven in th e tab le. 

Weight (g) 88- 90- 92- 94- 96- 98- 100 

Frequency 4 6 12 10 6 2 

Ca lcul a te a n es timate o f (a) the median, and (b) the mea n 
we ight. 

2 An a thl e te ha s kept a record o f the times taken to w in a 
number o f 400 m ra ces, over a pe riod of 18 month s. 

Time, t (s) 58- 59- 60- 6 1- 62- 63- 64- 65- 66 

Frequency 5 8 12 9 14 17 10 5 

(a) In w hich pe riod of I s does th e median 400 m time lie? 

(b) Es timate the m edian 400 m tim e. 

(c) Ca lculate a n es timate of the m ea n 400 m time. 

3 A m a rke t ga rd ener bu ys some canes. Their length s are given 
in the tab le. 

Length (m) 70- 80- 90- 100- 110- 120- 130- 140 

Frequency 13 27 36 68 51 30 12 

(a) What is th e modal group? 

(b) Es timate th e m edian length . 

(c) The mea n length is supposed to be within 5 em o f 
100 em. Are these canes within the tolerance allowed? 

4 The m onthly council tax bill s payable by the inhabitants of a 
vill age a re given in the table . 

Amount(£) 140- 160- 180- 200- 220- 240- 260-

Frequency 42 37 24 19 7 12 0 

Es tim ate (a ) the m edia n, and (b ) the mea n council ta x bill. 

5 A group o f s tud ents were asked to work out th e an swer to a 
ca lcul a tio n . The number o f second s taken is shown in the 
tab le. 

Time, I (s) 20 ~ I < 40 40 ~ I < 60 60 ~ I < 80 80 ~ I < I 00 

No. of students 4 18 25 13 

Es timate th e m ea n time taken to do th e calculation . 



2.2 Measures of spread 
Jus t as wi th average va lues in section 2 .1, th e re are three 
common mea sures of spread. The ran ge, the inte rqu a rtilc range, 
and the standard deviation. 

Range 
Even th ough two se ts of data have th e same m ea n va lu e, th e 
data ca n be more 's prea d out' in one o f these sets , compared to 
th e oth e r. For exa mple, if A= {4, 5, 5, 6, 7, 9} and B = {1, 3, 3, 5, 
6, 8, 10, 12}, th e m ea n va lu e o f each se t is 6. Set A va lu es range 
from 4 to 9 - a range o f 5 - but set B ha s a w ider range of 11 
(fro m 1 to 12). 

The range of a se t of data is th e difference be tween th e 
highest va lu e and th e lowest va lu e. ll is very easy to 
ca lculate; a ll you need arc two va lues- th e hig hes t and the 
lowest. 

lnterquartile range 
When a se t o f data is writte n in order of m ag nitude, the median 

is the (n + 1) th item of data . The quartiles are found in a 
2 

simi lar way, the lower quartile is the m edian of the lower half 
of the data, a nd th e upper quartile is th e median of th e upper 
half o f the data . 

The ra nge between th e quarti les is ca lled the inte rqu a rtilc 
range (Q 3 - Q 1 ), and covers th e middle 50% o f th e 
observat ions. 

Worked example 2.6 
Find th e inte rquartilc range of the followin g se t of d a ta : 

24, 24, 25, 26, 26, 26, 27, 27, 30, 33, 33, 35, 35, 36, 43 

Solution 
The 15 numbers are a lready given in numerica l order. The 

median va lu e is th e 8th one { ( 
15

; 
1

) th }, which is 27, the 

lower quartile is the 4th va lu e, w hi ch is 26 and th e upper 
quartile is th e 12th va lue, wh ich is 35 . 

24, 24, 25, 26, 26, 26, 27, 27, 30, 33, 33, 35, 35, 36, 43 

median 

The interquartile range is th e re fore 35 - 26 = 9 . 

If onl y a grouped freq uency tab le is g ive n , th en you w ill have to 
es tim a te the quarti lcs, ju s t as fo r th e m edian above. 

Large 
~ prcad 

~ 
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Smal l 

The upper quartile of a 
population is the value which is 
exceeded by the largest quarter 
of the observations. Similarly the 
lower quartile is the value which 
is exceeded by the largest three­
quarters of the observations. 
This definition can lead to 
difficulties since if, for example, 
the population has six members 
it cannot be split exactly into 
quarters. Most populations have 
a large number of members and 
this problem is of no importance. 
There are minor disagreements 
among statisticians about how to 
find the quartiles of small 
populations. The method given 
opposite is one acceptable 
method. 

There are seven observations less 
than the median and the lower 
quartile is the median of these. 
Similarly the upper quartile is the 
median of the seven observations 
which are greater than the median. 

The lower quartile is often denoted 
by Q1 and the upper quartile by Q3• 

If there had been 16 observations 
the median, m, would have divided 
the sample into two sets of eight. 
The lower quartile would have 
been the median of the eight 
observations less than m and the 
upper quartile would have been 
the median of the eight 
observations greater than m. 
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Worked example 2. 7 
When la yin g pipes, enginee rs tes t the soil for res istivity. The 
table shows the res ults of 159 tests. 

Resistivi ty (ohm em - I ) Freque ncy 

400- 900 

900- 1500 

1500- 3500 

3500-8000 

8000-20000 

5 

9 

40 

45 

60 

Es timate (a) the m edian, and (b) the interquartile range of 
res istivity. 

Solution 
The media n is the 80th rea din g, w hich is th e 26 th readin g in the 
3500-8000 group. 

m edian = 3500 + ( !~ )(4500) = 6100 ohm cm - 1 

The lower quartile is the 40th readin g, w hich is th e 26th readin g 
in the 1500-3000 group. 

lower quartile = 1500 + (!~>2000) = 2800 

The upper quarti le is the I 20th readin g, which is the 2 1st 
readin g in the 8000-20 000 group. 

upper quartile = 8000 + (~~ )( 12 000) = 12 200 

Hence the interquartile range is 12 200 - 2800 = 9400 
ohm cm - 1 

EXERCISE 2C 
1 During th e la st week, 1 noted down the number of te lephone 

calls that 1 made each day. The figures were: 12, 28, 9, 17, 15, 
6 and 11 . Find the lower and upper quarti les. 

2 Find the interquartile range for the data below: 

12.5 14.7 15.2 18.7 2 l.l 25.0 39.7 42 .4 48.7 50.5 58 .2 

3 The number of registered players for 13 of the teams in a 
cricket leag ue are: 

15, 15, 16, 16, 18, 19, 19, 19, 20, 20, 22, 22, 24 

Eva luate the m edian, and th e lower and upper quartile 
number of players. 

When dealing with grouped data 
with a total frequency of n the 
lower quartile is usually taken to 

n + l 
be the -

4
- th observation and 

the upper quartile as the 
3(n + I) 

4 
th observation. This is 

consistent with the median being 
n + l 

the -
2
- th observation. If n is 

large it is equally acceptable to 
n 3n 

use the 4 th and 4 th 

observations for the quartiles. 

There are 5 + 9 + 40 = 54 
readings up to 3500, and so the 
80th reading is the 
80 - 54 = 26th reading in the 
3500-8000 group. 



4 Find the lower and upper quarti les, and the median , of these 
test scores: 

4, 13, 10, 5, 8, 17, 15, 15, 9, 12, 15, 18, 20, 11 , 16 

5 Another two stud ents sa t the tes t in qu es ti on 4. Their scores 
were 9 and 14. What are th e new median , and the new 
quartil e values? 

6 The length s of th e 98 te lep ho ne ca ll s th a t I made in question 
1 are given in the tabl e . 

Call length, 
I (min) 0 ~ 1 < 2 2 ~ 1 < 4 4 ~ 1 < 6 6 ~ 1 < 8 8 ~ 1 < 10 

Frequency 2 1 35 22 14 6 

Es tima te (a) the median, (b) the lower and upper quartiles, 
and (c) the interquartil e ran ge. 

7 The table shows th e week ly pay of empl oyees in a company. 

Pay (£) 0- 100- 200- 300- 400- 500-

Frequency 4 29 2 1 38 18 7 

Es timate (a) the m edian pay, and (b) the interquartile range 
of pay. 

8 At a summer fayre, 100 people guessed the amount of 
money in a large jar. Their guesses are given in th e tab le. 

Amount(£x) 4 ~ x < 5 5 ~ x < 6 6 ~ x < 7 7 ~ x < 8 8 ~ x < 9 9 ~ x < IO 

Frequency 16 29 35 14 6 0 

(a) What is the modal class? 

(b) Es timate the median guess. 

(c) What is the interqua rtile range of guesses? 

9 What is the mode, median and interquartil e ran ge of the 
number of le tters in each day of th e week? 

10 How many se ts of seven non-nega tive integers ca n you find 
that have an inte rquartile ran ge o f 0, a median of I and a 
mea n of 2? 

Standard deviation 
The range and the interquartile ran ge are not e ntire ly 
sati sfa ctory m eas ures of spread beca u se not a ll observa tio ns 
contribute to th em . For exa mple, the data se t {!,!,!, I, I , 6} 
ha s the sa m e ran ge as the rather diffe rent data se t { I, 2, 3, 4, 5, 
6}. One sugges tion wou ld be to find th e deviation of each 
observation from the mean and th en to find the mea n of th ese 
deviation s. For exa mpl e, for a population co nsist ing o f the 
numbers 1, 2, 3, 4, 5 th e mean , JL, is equal to 3. The deviations 
from th e mean , x - JL, arc shown in th e tabl e opposite. 
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X X- f.L 

- 2 

2 - 1 

3 0 

4 I 

5 2 
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Unfort unately the mean of the va lues of x- J.L is zero. Thi s will 
always be the case and so thi s wi ll not provide a measure of 
spread . In stead the deviations are first squared and then the 
mean is taken. 

h . 10 2 T e mean IS s = . 
In order to get back to the sa me unit s (em, kg, etc.) as the 
origina l popu lation it is now necessa ry to Lake the sq uare root. 
The standard deviation is \2 = 1.41 

The standard deviation of the popu lation x1, x2, x3, . .. , X 11 is 
usua ll y denoted by a . 

a = \ L(x1 - J.L) 2/ 11 

Sample standard deviation 
The calculation of standard deviation above assumes that the 
data cons ists of the whole population . 

Usua ll y your data wi ll be a sa mple from a population . You 
wi ll not be ab le to ca lculate J.L, the population mean . You 
will only be able to calculate x, the sample mea n. For 
rea sons wh ich are beyond thi s section the population 
standard deviation, a, is ' best' estimated by s, where 

L(x- x )2 

s2 = , 
11 - 1 

d - . h I LX an x IS l e samp e mea n, - . 
11 

Calculating the standard deviation 
The formu la for the stand ard deviation may be rea rranged to 
simplify the calcu lation. Thi s was important in days before 
sta ti stical ca lculators were widely avai lable. Nowadays, standard 
deviations ma y be obtained directly using calcu lators so thi s 
rearrangement is largely obsolete. It is included here for 
completeness. 

and 

= LX2 - 2XLX + 11X2 

= LX2 - 2 (Lx) 2 + 11(Lx)2 
11 11 2 

= LX2 - (Lx) 2 
11 

[Lx2 -~] 
L(x- x )2 11 

Hence s2 = = . 
(11 - 1) (n - 1) 

- LX 
x= -

11 

[
Lx2 _ ] 11 

This can also be written in the form - - x2 X . 
11 (11 - 1) 

X X- J.t (x- J.t) 2 

I - 2 4 

2 - I I 

3 0 0 

4 

5 2 4 

~(X-j..t) 2 = 10 

Calculators with statistics 
functions give both s and u. 
However, they may be labelled in 
different ways. 
Often O"n - l is used for s and O"n 

for u. 
You will need to check your 
particular calculator, so that you 
can distinguish which to use for a 
sample and which to use for a 
population. 

u = population standard 
deviation. 
s is an estimate of u, calculated 
from a sample. 

Practice obtaining the mean and 
standard deviation directly using 
your calculator. This will save 
you a lot of time. 



Worked example 2.8 
The number of travellers queuing to buy tickets at a railway 
station was observed at random times during the day with the 
fo llowing results: 

6 4 0 3 8 2 10 0 

Ca lculate the standard deviation: 

(a) using the formu la ~, y(;=l) 

(b) using the formu la 
(n - 1) 

Solution 
(a) 

X x-x (x- x )2 

6 2.22222 4.93826 

4 0.22222 0.04938 

I - 2.77778 7.7 1606 

0 - 3.77778 14.27 162 

3 -0.77778 0.60494 

8 4.22222 17.827 14 

2 - 1.77778 3. 16050 

10 6.22222 38.7 1602 

0 - 3.77778 14.27 162 

LX = 34 L(X - .xv = I 01.55554 

(b) 

- 34 
X = - = 3.77778 

9,----,----
101.55554 

s = = 3.56 
(9- 1) 

X x2 

6 36 

4 16 

I I 

0 0 

3 9 

8 64 

2 4 

10 100 

0 0 

LX= 34 Lx2 = 230 

( 34
2

) 230 --

s = 
9 

= 3 56 
(9 - I) . 
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Now check the answer by finding s directly using your 
calculator. 

EXERCISE 20 
In thi s exerci se, assume that the data are samples. 

1 Ca lculate th e standard deviation of the following data: 

6 8 8 9 14 15. 

2 Compare the m eans and standard deviations of the following 
two sets of data: 

A = {3, 4, 5, 6, 7} and B = {1 , 3, 5, 7, 9} 

3 The number of shot s taken by a golfer in the la st 12 round s 
played is given below. 

75, 81, 82, 76, 79, 86, 90, 74, 78, 82, 80, 77. 

Ca lculate the mea n score, and the standard deviation . 

4 Ca lculate the standard deviation of the followin g data : 

16 18 18 19 24 25. 

Compare your answer with question I, and explain it. 

5 The weight of each member of a rowin g crew wa s mea sured 
to the neares t 0.1 kg . 

107.3 , 87.7, 90 .2, 93.0, 109.6, 98.8, 86.4, 95.2. 

Ca lculate the standard deviation of their weights. 

6 A class of 15 students scored these marks in a module test : 

83, 38, 65, 93, 73, 45, 60, 53, 28, 83, 72, 50, 48, 42, 70 

Calcu late the mean mark, and the standard deviation . 

7 In an ex perim ent, 20 students estimated what they thought 
was a time interval of I minute. Their es timates, in seconds, 
are shown below. 

68, 54, 57, 42, 48, 46, 52, 53, 50, 50, 

64, 56, 60, 49, 52, 62, 40, 73, 55, 61. 

Ca lculate the m ean es timate, and the standard deviation . 

Grouped data 
Ju st as in worked exa mple 2.2, when we calculated the mean 
va lue from a frequ ency table, a convenient way of calculating 
the standard deviation of grouped data is also to use a table . 

Worked example 2. 9 
Find the standard deviation of the number of children per class 
m ember, from the followin g data (from worked example 2.2) : 

Number of children 0 2 3 4 5 6 

Number of members 9 4 6 5 2 0 

However, it is quicker to obtain 
this directly from your 
calculator. 

This includes all class members 
so can be regarded as a 
population. 



Solution 
Writing th e information in columns: 

No. of children 
(x) 

0 

I 

2 

3 

4 

5 

6 

No. of class 
members (f) 

9 

4 

6 

5 

2 

0 

27 

xxf 

0 

4 

12 

15 

8 

0 

6 

45 

45 . 
The m ea n value is - = 1.666 

27 

(standard devia tion) 2 = { l (x
2 X})} _ 2 
2J J1, 

= 141 - ( 1.666)2 
27 

= 2.444 

Hence the standard deviation cr = Y2.444 = 1.56. 

0 

4 

24 

45 

32 

0 

36 

14 1 

If the class members are regard ed as a sa mple from a la rger 
popula tion the appropria te calcula tion would be 

52 = [ { l (x~ }) } _ x2 J x [ ( ~ ~ 
1 

) J 
In th1s case --- ( 1.666)2 X-= 2.5385 . . [ 141 . ] 27 

27 26 

s = Y2.5385 = 1.59. 

Worked example 2.1 0 
A small firm wishes to introdu ce an aptitude tes t for applicants 
for assembly work . The tes t con sists of a m echanica l puzzle. The 
assembly workers, currentl y employed, were asked to com plete 
the puzzle. They were timed to the nea res t second and the tim es 
taken by 35 of them are shown below. 

Time to complete Frequency 
puzzle (s) 

20- 39 6 
40-49 8 

50- 54 7 

55- 59 5 

60- 99 9 

Numencol measures 23 

There is little difference between 
this value and the population 
value of 1.56 calculated above. 
There is only a large difference if 
t he sample is very small. 
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(a) Estimate the med ian and the inte rq uartile range of the data . 

(b) Ca lcu la te es t imates of the m ea n and the s tandard deviation 
of the data . 

(c ) In add ition to th e data in the tab le, five o ther a ssemb ly 
workers completed the puzz le but took so long that their 
times were no t record ed . These times a ll exceeded I 00 s. 
Es t imate the m edian time to comple te the pu zzle for a ll 40 
a sse mb ly workers. 

(d) The firm decides not to offe r employm ent to any app lica nt 
w ho takes longe r to com ple te the puzzle than the ave rage 
time ta ken by th e a ssemb ly workers who took the test. 

(i) State wh eth e r you wou ld recommend the median or 
the mea n to be used a s a m eas ure of average in these 
circumstances. Explain your answer. 

(ii) Write down th e value of yo ur recommend ed m eas ure 
of average . 

Solution 
(a) There are 35 observation s in a ll. Wh en th ey are a rran ged in 

ord er of ma gnitude the median wil l be th e 18th, the lower 
quart ile wi ll be the 9th and the upper quarti le wi ll be th e 
27 th . To es tim a te these va lues it is he lpfu l to ca lcu late the 
cumu lative freq uency. 

(b) 

Time to complete Frequency Cumulative 
puzz le (s ) frequency 

20- 39 6 6 
40--49 8 14 

50- 54 7 2 1 

55-59 5 26 
60- 99 9 35 

The es timate of the median is 49.5 + m X 5 = 52.4 s. 

The es tim ate of the lower quarti le is 39.5 + m X 10 = 43.25 . 

The es timate of the upper quartile is 59.5 + W X 40 = 63.94. 

The es timate of the interquarti le range is 
63.94 - 43 .2 5 = 20.7 s. 

Time t o complete Class Frequency 
puzzle (s) mid-m a rk 

20- 39 29 .5 6 
40--49 44.5 8 

50-54 52 .0 7 

55- 59 57.0 5 
60- 99 79.5 9 

Using a calcu lator es timate the mea n a s 54.2 sand the 
standard deviation as I 7.4 s. 

The cumulative frequency is the 
total number of observations 
which do not exceed the upper 
class bound, e.g. there are 
6 + 8 = 14 observations not 
greater than 49.5. 

If the data are regarded as the 
whole population, the standard 
deviation is 17.1 . This would be 
accepted in an examination. 
However, it is advisable to 
always use s unless it is clear 
from the question that cr is 
required. 



(c) The median time for the 40 assembly workers wi ll be 
be tween the 20th and 21st when arranged in order of 
magnitude. Since the additiona l five workers all took longer 
than the 35 whose tim es were record ed the re is no need to 
know the actua l times in order to estimate th e median . 
Using th e cumulative freque ncy table in (a) the median is 
estimated by 

(6.5) 
49.5 + 7 X 5 = 54.1 s. 

(d) (i) The m edian - it is not poss ible to calculate the mean as 
the times for the slowest five workers are not known. 
(Even if th e five s lowes t times were known th e median 
wou ld s till be a be tter m eas ure in these circumstan ces . 
A few very lon g times wou ld grea tly increase the mea n 
but have li tt le effect on th e median .) 

(ii) 54.1 s. 

EXERCISE 2E 
In thi s exercise assume th e data are sa mpl es. 

l A die was thrown 100 times. The sco res are summari sed in 
the tabl e. 

Score 2 3 4 5 6 

Frequency 19 14 13 2 1 17 16 

Calcu late the mean and standard deviation of th e scores . 

2 Find the mean and standard deviation of the number of 
chi ldren pe r family, for the 23 famili es shown in the table. 

Number of children 0 2 3 4 5 6 

Number of familie s 7 3 8 3 0 

3 Applicants for a sales job sit a tes t con sistin g of five 
questions. The number of correct answers, x, scored by 50 
candidates is shown in th e tabl e. 

X 0 2 3 4 5 

Frequency 30 2 4 5 4 5 

Find the m ea n and the sta ndard deviati on of x. 

4 The blood press ures, in millime tres of mercury, o f a gro up o f 
20 athle tes are shown in the table. 

Blood pressure 65- 70- 75- 80- 85- 90-

Frequency 4 3 5 2 6 0 

Calculate th e m ea n and standard deviation o f these blood 
press ures . 

Nurnencol measures 25 

The median for all 40 assembly 
workers, not just the fastest 35. 
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5 The brea kin g strength o f 200 ca bl es is given in the tab le. 

Breaking strength 
(kg X 100) 0- 5- 10- 15- 20- 25-

Number of cables 4 58 66 48 24 0 

Es tim a te th e m ea n break ing stren g th, and th e s tandard 
deviat io n . 

Variance 

i: - ~ The va riance is the sta ndard deviati on squared and for a 
, ..J-V" populatio n is usuall y denoted a-2 . 

Variance plays an importa nt role in mathematica l s ta ti stics and 
will appear late r in this book and in la ter stati st ics units. 
However it is of littl e practica l usc as a m eas ure o f spread 
beca use it is in inappropriate units. 

2.3 Change of scale 
The week ly wages paid to th e empl oyees of a small engineering 
firm have a m ea n of £290 and a s tandard devia tion o f £42 . The 
union nego tiates a ri se of£ 15 per week for each empl oyee. 

Since each wage is increased by £15 the m ea n wage will be 
increased by £ 15 to £305. However, the stand ard deviation 
meas ures va riability and this is uncha nged if a ll wages are 
increased by th e sa m e amount. Thu s the standard devia tion of 
the n ew wages remains £42. 

If in stead of a nat-rate ri se the union had negotiated an increase 
o f 10% for eac h empl oyee the va riability wou ld increase beca use 
th e hi gher-pa id empl oyees would receive a larger ri se than 
would th e lower-paid empl oyees. In this case both the m ea n and 
th e standard devia tion wou ld increa se by 10%- the mea n to 
£3 19 and th e standard devia tion to £46.20. 

Worked example 2.11 
A sprinkle r, d es igned to ex tin gui sh house fires, is ac tiva ted a t 
hi gh tempera tures. A ba tch of sprink le rs is tes ted and found to 
be activated a t a m ea n temperature o f 72°C w ith a s tandard 
deviation o f 3°C. 

Find the m ea n and stand ard devia ti o n of th e temperatures in 
degrees Fahrenheit. 

Solution 
To convert Centigrade to Fa hrenheit you mu st fir st multipl y the 
temperature by 1.8 and then add 32. 

The mode and the median are 
also each increased by £IS. 
The range and the interquartile 
range are unchanged. 

The mode, median, range and 
interquartile range all increase by 
10%. 



For the mea n you should do exactly the sa me. 

Hence the mea n in deg rees Fahrenheit will be 
72 X 1.8 + 32 = I6 1.6. 

For the standard deviation you onl y ca rry out the multiplica tion 
since the addition of 32 wi ll have no effect on the va ri ability. 

Hence the standard deviation in degrees Fahrenheit is 
3 X 1.8 = 5.4. 

EXERCISE 2F 
1 Seedlings in a tra y have a mea n height of 2.3 em with a 

standard devia ti on of 0.4 em. Find the mea n and sta nd ard 
deviation in millimetres (I em = IOmm) . 

2 If all th e seedlin gs in question I increased in height by I em 
find the new mea n and stand ard devia tion . 

3 The mean price of a pair of shoes in a particu lar shop is £63 
with a standard deviation of £I8. Find the mea n and 
standard deviation of the prices if, in a sa le, a ll pairs of shoes 
are reduced in price by: 

(a) £I2, 

(b) 50%. 

After two days of the sa le the remaining un sold pairs of shoes 
have a mea n price of £70 with a sta ndard deviation of £24. It 
is decided to reduce the price of each pair by£ I 0 and then 
label them ' half price'. Thu s an unsold pair previous ly priced 
at £110 wou ld be sold for £50. 

(c) Find the mea n and standard deviation of the new selling 
prices . 

4 The apples in a crate ha ve a median we ight of 235 g w ith an 
interquartile ran ge of 63 g. Find the media n and interqu artile 
range in kil og ram s (I kg= I 000 g). 

5 It is di scove red that the sca les used to weigh the apples in 
question 4 record ed the we ights inaccurate ly. Find the correct 
median and interquartil e range if the weight record ed for 
each apple was: 

(a) 5 g grea ter than it s ac tual weight, 

(b) 5% grea ter than its ac tual we ight. 

6 The members of a workers cooperative had mean ea rnin gs of 
£I I 500 with a standard deviation of£ !000 la st year. Find the 
mea n and standard devia ti on of their total ea rnin gs for the 
year if at the end of the yea r an additional bonu s of: 

(a) £900 was paid to each worker, 

(b) 9% of earnings was paid to each worker. 
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(a) Calcu la te th e mea n and standard deviation o f s to ppage 
limes for each producti on line. 

(b) Compare th e two produ ction lines. 

3 Ca lculate the m edian and inte rqu artil e ra nge o f each o f th e 
production lines in qu es ti on 2. Compa re th e two produ ction 
lines. Ha ve yo u reached th e sa m e co nclu sion as in qu es tion 2? 

4 The breaking s tren gth, in kilogram s, o f a sa mpl e o f climbing 
ropes from each o f three supplie rs was meas ured . The 
following tabl e summari ses th e res ult s. 

5 

Supplier Mean Standard deviation 

A 856 390 

B 820 42 

c 496 28 

(a) Compa re th e break in g s tren g th o f the ropes from the 
diffe rent suppli er s. 

(b) Which supplie r wou ld you recommend to a fri end se ttin g 
out on a climbing holiday? 

The following data arc the m os t rece nt week ly sa les, in£, of 
three represe ntatives working for a confectionery company. 

Moira 5120 4970 2230 890 3270 2 160 660 
5980 4320 2220 

Everton 4440 3980 4370 3990 3000 3420 2990 
3450 2680 2900 

Syra 2340 2220 2500 2280 30 10 2690 2400 
2760 2800 2920 

(a) Calcu la te th e m ea n and standard deviation of th e sa les 
of each re presentative. 

(b) Compare th e sales o f th e three representatives. 

6 Ca lculate the median and th e in terquartile range of the sa les 
of each of the representatives in ques ti on 5. Compare the 
sa les of the three represe ntatives. Have yo u reached th e sam e 
conclu sions as in questi on 5? 

7 A company se ll s two makes o f washi ng machines, Ace and 
Champion, and provides free after-sa les service. 

(a) For Ace washing ma chin es sold in June 1999, the times, 
in da ys, from installin g a machine to fir s t bein g ca lled 
out to dea l with a breakdown a re su mmari sed in th e 
followin g table. 
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Time to first call-out (days) 

0-

100-

200-

400-

800- 1200 

Frequency 

9 

19 

28 

27 

17 

Est imate the median and th e inte rqu a rtil e range . 

(b) For Champion was hin g ma chin es so ld in June 1999, th e 
m edian tim e from installin g a machine to fir s t be in g 
ca lled out to dea l w ith a brea kd own was 505 da ys and 
th e interquartil e range was 7 10 da ys. Compare briefly 
th e reliability o f Ace and Ch a mpion was hin g machines. 

(c) lt was later di scove red that 28 Ace was hing mach ines 
sold in June 1999 had been o mitted from the table of 
data. They had been ove rlooked because the company 
had not, a fter 1200 da ys, been ca lled out to deal w ith 
any brea kd owns of these 28 m achines. Using thi s 
additional information : 
(i) m odify th e es tim a tes you made in (a) , 
(ii) s tate how, if at all, yo ur a n swer to (b) would be 

changed . 

(d) Give a reason why the median and the interquartil e 
range were used in pre fe rence to the mea n a nd sta ndard 
deviation on times to fir st ca ll-o ut. 

Key point summary 

The three most common m eas ures of 'average' are pB 
the mean, median and mode. 

2 The m os t commonly used is the mean. A sample pI 0 
mean is deno ted x and a population mean is 
deno ted fL . 

LX 
3 The m ea n is calcul ated usin g the formula-. pI 0 

n 

4 The three m os t common measu res of spread are th e pl7 
range, interquartile range and standard 
deviation. 

5 The most commonly used m eas ure of spread is p20 
the standard deviation. A population standard 
deviation is denoted 0'. 

0' = JL(X ~ J.L)
2 
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6 The data yo u deal with wil l usua ll y be a sample. If p20 
thi s is so it is not poss ible to calculate rr. You shou ld 
es timate rr by s. 

s= 
~(x - x) 2 

(n - 1) 

7 You should practise obtaining the mea n and p20 
standard deviation direc tl y usin g you r calculator. 
Thi s saves a lot of time and is acceptab le in the 
exa mination. 

8 The standa rd deviation sq uared is ca ll ed the p26 
va riance. 

9 If a variab le is increased by a constant amount its p26 
average will be increased by thi s amount but it s 
spread will be unchanged. This applies whichever 
measures of average and spread are used. 

10 If a variable is mu ltip lied by a constant amount p26 
both its ave ra ge and spread will be multiplied by 
thi s amount. This is true whichever meas ures of 
average and spread are used . 

Test yourself What to review 

1 The foll owin g data are the girths, in metres, of a sa mple of trees Sections 2. 1 and 2.2 
in a wood: 

2. 1 1.8 3.5 0.8 1.9 0.6 4.6 0.7 1.7 

Find the median and the intcrquartil c range. 

2 A yea r later the girth of each tree, in question I, had increased Section 2.3 
by 5%. Find the new median and interquartil e ran ge. 

3 Find the mea n and stand ard deviation of the girth of the trees Sections 2. 1 and 2.2 
in question l . 

4 What symbol s would you usc to denote the mean and Sections 2. 1 and 2.2 
standard deviation you ha ve ca lculated in question 3. Ex plain 
your an swe r. 

5 Ex plain why th e mode would not be a suitable meas ure of 
average for the data in ques ti on I. 

6 The foll owing table summari ses the times taken by 70 arm y 
recruit s to complete an obstacle course. 

Time in minutes 10- 12- 14- 16- 18- 20-22 

Number of recruits 3 14 30 16 5 2 

State the moda l cla ss. 

Sec tion 2. 1 

Sec tion 2. 1 

I 
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Test yourself (continued) What to review 

7 Calcu late th e est ima tes of the median and the interqua rtile Sections 2. 1 and 2.2 

ran ge for th e times in question 6. 

8 Ca lcu late estimates o f the mean and standard deviatio n of th e Sections 2. 1 and 2.2 

times in question 6. 

Test yourself ANSWERS 
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Learning objectives 
After s tudying this chapter, you should be ab le to : 
• unde rstand the concept of probabi lity and be abl e to allocate probabilities using equa ll y like ly 

outcomes 
• ide n tify mutua ll y exclus ive events and ind ependent event s 
• apply the law P(AUB) = P(A) + P(B) to mutually exclu sive events 
• app ly the law P(AnB) = P(A)P(B) to independent eve nts o r th e law P(AnB) = P(A)P(B I A) to 

events which are not independ ent 
• solve simple probability problem s u sin g tree dia grams or the laws of probability. 

3.1 Probability 
The concept of probability is widely und ers tood. For example, 
Courtney mi ght say that th e probabi lity o f having to wait m ore 
than 5 minutes for a bu s on a weekday m ornin g is 0.4. He 
mea ns that if he carries out a large numbe r of t rials (that is, he 
waits for a bu s on a large number of weekday mornin gs ) he 
expects to have to wait more than 5 minutes in about 0.4 or 40% 
of these trial s . 

Probability is meas ured on a scale from 0 to l . Zero 
represe nt s imposs ibility and l represents ce rtainty. 

Running a mile 
in one minute 

l 

Winning a ra fn e 
i 

Co urtney 
waiting more 

than 5 minutes 
fo r a bu s 

l 

Winning the toss in the 
first two tes t matches 

Baby being 
a girl 

l 
0.5 

No t li ving for 
I 000 years 

i 
First cla ss leu er arriving the 

da y after it is pos ted 

l 

I 
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3.2 Equally likely outcomes 
Often trial s can res u lt in a number of equal ly likely o utco mes. 
Fo r example, if the re are 25 peo ple in a room and a tria l co nsis ts 
o f choos in g one at rand om there are 25 equa lly like ly outcom es. 

An event con sists of on e or more o f the outcom es . Choos in g a 
pa rticula r pe rson , choos ing someone wearin g glasses or 
choos in g a m a le wou ld a ll be exa mpl es of eve nt s. 

If J anice is one of th e people in th e room th en th e proba bility of 

the event 'choos in g J a ni ce' occurrin g as a res ult of the tria l is _I_. 
25 

If th e re a re s ix people wear ing glasses in th e roo m the 
probability o f the eve nt 'choos ing so meone wea rin g glasses' 

occurring as a res ult o f the tria l is _i_. 
25 

If a tria l can result in one of n equa lly likely outcomes a nd 
a n event consists o f r of these outcomes, then the proba bility 

o f the event happening as a res ult of the trial is..!..... 
n 

Worked example 3. I 
If a fa ir die is thrown , w ha t is the probabi lity th a t it la nd s 
showin g: (a) 2, (b) an even numbe r, (c) m ore th a n 4? 

Solution 
There a re six equa lly likely outcomes. The proba bility of a ny on e 

o f th em occurrin g is the refore l. 
6 

1 
(a) P(2 ) = 6; 

3 I 
(b) P( cven number) = P( 2, 4 o r 6 ) =- =-; 

6 2 
I 

(c) P(m orc th an 4) = P(5 or 6 ) = 3· 

EXERCISE 3A 

1 A box conta in s 20 coun te rs, n umbered I, 2, 3, ... , 20. A 
counte r is ta ken out o f the box. What is the probabili ty tha t it : 
(a) is the number 7, (b) is a multipl e o f 4, (c) is g rea ter 
tha n I4, (d) has a 3 on it? 

2 The days o f the week a rc wr itten on seven sepa ra te ca rd s. 
One ca rd is ch ose n . Wha t is the proba bility th a t it is : (a) 
Thursday, (b) eithe r Monday o r Tuesday, (c) no t Fr id ay, 
Saturday or Sund ay? 

You will understand what is 
meant by 'equally likely'. Don't 
try to give it a precise definition 
-it can't be done. 

It must be impossible for more 
than one of the outcomes to 
occur as a result of the same 
trial. 



3 In a word ga m e, Charli e ha s the lette rs B, E, E, H, Q, SandT. 
One le tter acc id entall y fa ll s on to th e fl oo r. What is th e 
probability tha t it is: 

(a) Q, (b) B, E o r S, (c) not an E? 

4 In a box the re arc 15 beads. Seven are w hite, three are yellow, 
three a re blue a nd two a rc g reen. If one bea d is selec ted at 
rand om, w ha t is the probabi lity that it is: (a) white, 
(b) ye ll ow o r g ree n, (c) not blue, (d) brow n, (e) ne ithe r 
wh ite nor ye ll ow? 

5 A cricket team ha s fi ve ba tte rs, a w icketkee pe r, three bowlers 
a nd two all-rounders. One pla ye r is selected at random to 
pack th e cricke t ba g. What is th e probability that th e se lec ted 
player is: (a) th e wicketkccper, (b) a bowle r, (c) not an a ll­
rounder, (d) ne ither a batter nor a bowler? 

3.3 Relative frequency 
It is not a lways poss ible to a ss ign a pro bability usin g equa ll y 
li kely outcomes . For exa mpl e, w hen Co urtn ey wa it s fo r a bu s he 
e ithe r ha s to wa it fo r less th a n 5 minutes o r for 5 o r m ore 
minutes . However, the re is no reason to think that th ese two 
outcomes are equa lly likely. In thi s case the on ly way to a ss ign a 
proba bility is to ca rry o ut the trial a large number of tim es and 
to sec how o ften a particula r outcom e occurs. If Courtney went 
for a bu s o n 40 weekda y m ornin gs a nd on 16 o f th ese he had to 
wa it m o re than 5 minutes he co uld a ss ign the pro bability 
16/40 = 0.4 to th e eve nt of havin g to wait more than 5 minutes. 

The relative frequency o f an eve nt is th e proportion o f times it 
has been observed to happen. 

The relative frequency m et hod o f assigning probabiliti es 
suffe rs from the problem that if Courtn ey ca rried out a large 
number o f furth e r trial s it is no t poss ible to prove that the 
relati ve freq uency wo uld no t chan ge compl e te ly. Howeve r, w hen 
thi s m ethod ha s been u sed in practice it has always happened 
th a t although the re lative frequ ency ma y flu ctuate ove r the fir s t 
few trial s, th ese flu ctuatio ns becom e sm a ll after a la rge number 
of tri a ls. 

In all cases w here equall y like ly o utcom es ca n be used it is a lso 
poss ible to usc th e rela tive freq ue ncy m e th od . Wh en thi s ha s 
been done it ha s a lways been obse rved that provided a large 
number of tria ls a rc ca rri ed out th e two me th od s g ive ve ry 
similar although no t quite id entica l res ult s. For exa mpl e, w hen 
a die ha s been throw n a large numbe r of tim es th e propo rti on of 

l s observed is very close to_!_. 
6 

Probobll11y 3 5 

In examination questions you will 
either be given the probability of 
an event or be required to find it 

using equally likely outcomes. 

I 
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3.4 Mutually exclusive events 
When yo u pick a ca rd from a pack, it mu st be a club, 
diamond , heart or a spade. The ca rd ca nnot be, say, bo th a 
club a nd a hea rt. The event s ' pi ckin g a club', ' picking a 
diamond ', 'picking a hea rt ' and ' picking a spade' a re said to 
be m ut ually exclusive . The occurren ce o f one event 
excludes th e poss ibility that any o f the o the r event s could 
occur. 

Worked example 3.2 
One card is selec ted from a pack. Whi ch o f th ese pa irs of eve nt s 
are mutua ll y exclu sive? 

(a ) 'The ca rd is a hea rt' and ' th e ca rd is a spad e'. 

(b) 'The ca rd is a club' an d 'the ca rd is a Queen '. 

(c) 'The ca rd is black' a nd 'the ca rd is a diamond' . 

(d) 'The ca rd is a Kin g' and ' the ca rd is an Ace'. 

(e ) 'The ca rd is red ' a nd 'the ca rd is a hea rt' . 

Solution 
(a ), (c) a nd (d) . 

In (b) it is poss ible to have a ca rd which is both a club and a 
Queen (the Queen of clubs ), and in (e ) a red ca rd co uld be a 
hea rt. 

In (a), (c) and (d) th e two events ca nnot occur simultan eously, 
hence th ey a re mutua ll y exclu sive. 

The pack o f 52 card s co nta ins 13 club s, 13 diamond s, 13 hea rt s 

and 13 spades. The proba bility of picking a club is Q = 0.25. 
52 

The probability of picking a diam ond is Q = 0 .2 5. The 
52 

probabi lity of pick ing a club or a diamond is~= 0.5 . This is 
52 

equal to th e probabi lity o f picking a club plus the probability of 
pi cking a diamond. Thi s is an exa mpl e of the additi on la w of 
probability as it applies to mutually exclusive events. 

If A a nd Ba re mutua ll y exclu sive events then the 
probability of A orB occurring as a res ult of a tria l is the 
sum o f the separate probabilities of A and B occurring a s a 
resu lt o f th e tria l. 

P (A UB) = P(A ) + P(B ) 

This la w ca n be ex tend ed to more tha n two mutually exclu sive 
eve n ts. For exa mple, th e probab ility o f picking a club, 
a diamo nd or a hea rt is 0 .25 + 0 .25 + 0 .25 = 0 .75 . 

P(A U 8) denotes the probability 
of A or B or both occurring. 
However, here we are dealing 
with mutually exclusive events so 
A and B cannot both occur. 

If A and B are not mutually 
exclusive the law is more 

complicated. 

P(AUBUq = P(A) + P(B) + P(q 



A person, selec ted at rand om from 25 people in a room, 
mu st e ithe r be wearing gla sses o r not wearing gla sses. 
These two event s are mutually excl usive, but one of them 
mu st happen . One of these events is ca lled the 
complement of th e o th e r. The co mpl em ent of eve nt A is 
usually deno ted A' . 

As one o f th e events must happen P(AUA') = I. 

As the eve nts are mutually excl usive 
P(A) + P(A') = P(AUA') = 1 

or P(A') = I - P(A ) 

EXERCISE 38 
l The probabi lity of Brian pa ss in g a driving tes t is 0.6. Write 

down the probabi li ty of him no t pass in g the tes t. 

2 The probabi lity of a TV se t req uirin g repair within I yea r is 
0. 22. Write down the probability of a TV se t no t requirin g 
repair within 1 year. 

3 When Devona rings her m othe r the probability that the phone 
is engaged is O. I, the probability that the phone is no t 
engaged but no one answers is 0 .5 a nd the proba bility that 
the phone is answered is 0 .4. 

Find th e probabi lity that : 

(a) the phone is en gaged or no one answers, (b) the phone is 
engaged or it is answered , (c) the phone is not engaged . 

4 Kofi shops exactly once a week. In a particular week the 
probability that he shops on a Monda y is 0.3, on a Tuesday is 
0.4 and on a Wednesday is O. I . 

Find the probability that h e goes shopping on : 

(a) Monday or Tu esda y, (b) Monday or Wednesday, 
(c) Monday or Tuesday or Wednesday, (d) not on Monday, 
(e) Thursday or Friday or Saturday or Sunday. 

5 There are 35 custom ers in a ca ntee n, I2 are aged over 50, 
I5 a re aged be tween 30 and 50, and five are aged be tween 25 
and 29. 

Find th e probabi li ty that th e next custo mer to be served is 
aged: 

(a) 30 or over, (b) 25 or over, (c) und er 25, (d) 50 or und e r. 

Probability J 7 

Another way of saying that one 
of the events must happen is to 
say the events are exhaustive. 

Sometimes it is much easier to 
work out P(A) than P(A') or vice 
versa. You can find whichever is 
easier and, if necessary, use this 
rule to find the other. 

I 
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6 Charlotte is ex pecting a baby: 

A is the event that the baby wi ll have blue eyes; 

B is the event that the baby will have gree n eyes; 

C is the event that the baby wi ll have brown hair. 

(a) Write down two o f these events which arc: 

(i) mutually exclu sive, (ii) not mutuall y exclu sive. 

(b) Defin e th e complement of eve nt A. 

7 A firm employs 20 bricklayers. The Inland Reve nu e selec ts 
one for inves tigation : 

A is the event that the bricklayer se lec ted ea rn ed less than 
£20 000 last year; 

B is the event that the bricklayer selec ted earn ed more than 
£20 000 la s t year; 

C is the event that the bricklayer selec ted earned £20 000 or 
more la st year. 

(a) Which event is the complement of C? 

(b) Are the events A and B mutually exclu sive? 

(c) Write down two of the events which arc not mutuall y 
exclu sive . 

3.5 Independent events 

f When the probability of event A occurring is unaffec ted by 
l.J.>4 whether or not event B occurs the two event s are sa id to be 

f independent. 

For exa mple, if event A is throwin g an even number with a blue 
die and event B is throwing an odd number with a red di e, th en 

the probability of event A is i = 0.5 rega rdless of whether or not 
6 

eve nt B occ urs. Events A and Bare independ ent. 

If two dice are thrown there are 36 equally likely poss ibl e 
outcomes: 

1.1 1.2 1.3 IA 1,5 1.6 
2,1 2,2 2,3 2.4 2,5 2,6 
3,1 3,2 3,3 3.4 3,5 3,6 
4,1 4,2 4,3 4.4 4,5 4,6 
5, I 5,2 5,3 5.4 5,5 5,6 
6, 1 6,2 6,3 6.4 6,5 6,6 

If yo u wish to find the probability of the total score being 12 yo u 
ca n observe that on ly one of the outcomes (6,6 ) gives a total 

score of 12 and so the probability is -
1
- . 

36 



If the question conce rn ed more th an two di ce there wo uld be a 
ve ry large number of equall y likely outcomes and thi s method 
wo uld be impracti ca l. An alternative meth od is to rega rd 
throwing a 6 with the fir st die as even t A and throwing a 6 w ith 
the second di e as event B. Now usc the law tha t the probability 
of two independent event s both happe ning is the product of 
their separate probabilities. 

'i ;~ ~ If A a nd B arc independen t event s P(AnB) = P(A)P(B) . 

The probabi lity of ob taining a total sco re of 12 (which ca n only 
be achieved by throwing a six wi th both dice) is 
I I I 
-X-=- as bcfore. 
6 6 36 ' 

EXERCISE 3C 
1 The probabi lity of Brian passing a drivin g tes t is 0.6 . The 

probability of Sy ra pass ing an adva nced motoring tes t is 0.7. 
Find the probability of Brian pa ss ing a driving tes t and Syra 
pa ssing a n advanced motorin g test. 

2 The probability of a TV set req uiring repair within yea r is 
0.22 . The probability of a washing machine requiring repair 
wi thin a yea r is 0.1 0. Find the probabi lity of a TV set and a 
washing machine both requiring repair within a yea r. 

3 Two co in s are tossed . Find the probabi lity of them both fa ll ing 
heads. 

4 The probabi lity tha t a vinega r bottle fill ed by a machine 
conta in s less than the nominal quantity is 0.1. Find the 
probab ility th at two bottles, selected at random, both conta in : 

(a) less than the nomina l qua ntit y, 

(b) a t leas t the nominal quantity. 

5 Three co in s are tossed. Find the probabi lity of them all fa llin g 
tail s. 

If you wish to find the probability of a to ta l sco re of 4 when two 
dice are thrown then you can observe tha t there arc three 

outcomes which give a to tal score of 4 and the probability is _1___ 
36 

1,4 1,5 1,6 
2,4 2,5 2,6 
3,4 3,5 3,6 

4,1 4,4 4,5 4,6 
5, I 5,4 5,5 5,6 
6, I 6,4 6,5 6,6 

Probobil1ly J 9 

P(A n B) is the probability of 
events A and B both happening. 

The law can be extended to 
three or more independent 

events. 
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Alternatively you can an swer the ques tion using the law s of 
proba bility. 

There a re three outcomes w hich give a total score of 4 : 

0 h b b'l ' 1 1 1 1,3 w1t pro a 1 tty - X-=-; 
6 6 36 

0 h b b'l ' 1 1 1 2,2 w1t pro a 1 tty - X-=-; 
6 6 36 

0 h b b 'l' 1 1 1 3, 1 w1t pro a 11ty - X-=-. 
6 6 36 

Since th ese three outcom es a re mutua lly exclu sive yo u can a pply 
the addition la w of proba bility a nd obtain the probabili ty of 

b . . I f 4 1 1 1 3 1 o tammg a to ta score o as - + - + - = - = -. 
36 36 36 36 12 

Worked example 3.3 
The proba bility tha t telephone ca ll s to a ra ilway time table 
enquiry service a re answered is 0 .7. If three ca ll s are m ade find 
the proba bi lity that : 

(a ) a ll three are answered, 

(b) exactl y two a re answered. 

Solution 
If A is the event of a ca ll being a nswered, P(A) = 0.7. 

A' is the probability of a ca ll not being answered and 
P(A' ) = 1 - 0 .7 = 0 .3. 

(a) Using the multiplica tion la w the probabi lity of 
AAA = 0.7 X 0.7 X 0 .7 = 0.343. 

(b) If one call is unanswered it could be the fir s t, second or 
third ca ll. 

A'AA with probability 0.3 x 0. 7 X 0 .7 = 0.147 
AA 'A with proba bility 0 .7 X 0.3 X 0.7 = 0.147 
AAA' w ith proba bility 0 .7 X 0.7 X 0.3 = 0 .147 

These th ree outcom es are mutually exclu sive a nd so you 
can apply the addition law and find the proba bility of 
exactly two ca lls being answered to be 

0.147 + 0.147 + 0.147 = 0.44 1. 

3.6 Tree diagrams 
An alterna tive a pproach to the problem is to illustra te the 
outcom es with a tree diagra m . Each bran ch shows the possible 
outcom es of each call and their proba bilities. The outcom e of the 
three ca ll s is found by reading alon g the bran ches leading to it 
a nd the proba bility of this ou tcom e is found by multiplying the 
individual proba bi lities alon g these bran ches. 

The law for t hree independent 
events is used. 

Although A' occurs in different 
positions the probability of each 
of the three outcomes is the 
same. 



I st ca ll 2nd ca ll 3rd ca ll Outcome Probabilit y 

AAA 0.7 X 0.7 X 0.7 = 0.343 

AAA' 0.7 X 0.7 X 0.3 = 0.147 

AA'A 0.7 X 0.3 X 0.7 = 0. 147 

AA'A' 0.7 X 0.3 X 0.3 = 0.063 

A'AA 0.3 X 0.7 X 0.7 = 0.147 

A' 0.3 
A'AA' 0.3 X 0.7 X 0.3 = 0.063 

A'A'A 0.3 X 0.3 X 0.7 = 0.063 

A = ca ll answered 
A' = ca ll nor an swered A 'A 'A' 0. 3 X 0.3 X 0.3 = 0.027 

The probabi lity of a ll three ca ll s being answered (AAA) can be 
seen to be 0 .343 . 

The probabi lity of exact ly two ca ll s be ing a n swered is th e sum of 
the probabi lities o f the three o utcomes AAA', AA'A and 
A'AA = 0.147 + 0 .147 + 0 .147 = 0 .441 as before . 

Worked example 3.4 
A coin is tossed three time s. Find th e probability that the 
number of tail s is 0, 1, 2 or 3. 

Solution 

I 
2 

I 
2 

I 

~H <H I T H 2 T~H 
I T 
2 
I 

<H~H I T 
2 

T 
I 

~H 2 T 
I T 
2 

Ou tcome Probabi li ty 

HHH l xlx l = .l 
2 2 2 8 

HHT l x l x l = .l 
2 2 2 8 

HTH l x l x l = .l 
2 2 2 8 

HTT l x l x l = .l 
2 2 2 8 

THH l x l xl= .l 
2 2 2 8 

THT l x l x l = .l 
2 2 2 8 

TTH l x l x l = .l 
2 2 2 8 

TTT l x l x l = .l 
2 2 2 8 

Probability 41 

Note the sum of all the 
probabilities is I . This is because 

one of the outcomes must occur. 

~ 
/"''' 
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The probability of 0 ta il s is_!_; 
8 

Th b b 
.1. f .1 . I I I 3 

e pro a 1 1ty o 1 ta1 1s 8 + 8 + 8 = 8; 

The probability of 2 tail s is _!_ + _!_+_!_ = l; 
8 8 8 8 

The probabil ity of 3 tail s is ~. 

EXERCISE 3D 
Answer th e followin g q ues tions usin g tree dia gram s or the laws 
of probability. 

1 The probability of Mi che lle pa ss ing a mathematics exa m is 0.3 
and th e probability o f he r pa ss in g a biology exa m is 
independently 0.45 . 

Find the probability that she: 

(a) pa sses mathematics and fail s biology, 

(b) pa sses exactly one of the two examinations, 

(c) pa sses at leas t one of the two examinations. 

2 A civi l servant is given the ta sk of ca lcu lating pension 
entitlements. For any given calcu lat ion th e probability of the 
res ult be in g incorrect is 0 .08. 

(a) Find the probability that if two pen sion entitl em ent s are 
calc ulated the number incorrec t will be : 

(i) 0, (ii) 1, (iii) at leas t l. 

(b) Find the probability that if three pens io n entitl e ment s 
are ca lculated the number incorrec t wi ll be: 

(i) 0, (ii) 1, (iii) 2 or more . 

3 The probability of answerin g a multiple choice qu es tion 
correc tly by guess ing is 0.25 . 

(a) A stud ent guesses the answer to two multiple choice 
qu es tion s. Find the probability that : 

(i) both answers are correc t, 

(ii) exac tly one answer is correct. 

(b) Another stud ent guesses th e answer to three multipl e 
cho ice qu es ti on s. Find th e probability that : 

(i) no answers are correc t, 

(ii) exactly two answers a re correct, 

(iii) at leas t two answers are correc t, 

(iv) less than two answers a rc correc t. 

(c) If the second st ud ent guesses th e a n swer to four 
multiple choice qu es tions find th e proba bility that no 
answers are correct. 



4 An opi ni on poll is to inves ti ga te whe th e r es tate age nt s' 
ea rnin gs are tho ught to be too high, about right or too low. 
The probabiliti es o f answers from ra nd oml y selec ted adu lt s 
are as foll ows: 

(a) 

Too hi gh 0.80 

Aboutright 0.15 

Too low 0.05 . 

Find th e probability th a t if two adult s are selec ted a t 
random th ey wi ll: 

(i) both a nswer ' too hi gh ', 

(ii) one answer ' too hi gh ' and one a n swe r 'about ri ght ', 

(iii) bo th give the sa m e answer, 

(iv) ne ither a nswe r 'too low', 

(v) bo th g ive diffe re nt a n swers. 

(b) Find th e probability tha t if three adults are selec ted a t 
random th ey w ill : 

(i) a ll answer 'too hi gh', 

(ii) two answer ' too hi gh' and one answers 'about ri ght' , 

(iii) none a n swe r 'too high ', 

(iv) a ll g ive th e sa m e a nswer, 

(v) a ll g ive diffe rent a nswers. 

3. 7 Conditional probability 
A room contain s 25 people. The ta bl e shows th e numbers o f 
each sex and w he the r o r no t they arc wear in g g la sses. 

Glasses 

No glasses 

A person is se lec ted at ra nd om. 

Male Female 

4 

5 

5 

II 

F is the eve nt th a t th e perso n selec ted is fem a le. 

G is the event th a t th e person selec ted is wea rin g g lasses. 

The re a re a tota l o f nin e peop le wear in g g lasses so P( G) = .2__ 
25 

Howeve r, o nl y four o f th e nin e mal es are wearing g lasses and so 

for th e m a les th e proba bilit y o f wea rin g g lasses is 
4 

w hil e fo r 
9 

the females th e probability is .2__ That is, th e probab ility o f event 
16 

G occurrin g is a ffec ted by w he th e r o r no t eve nt F ha s occurred . 
The two events a rc not independent. 

Probabt111y 43 
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The conditional probability that the person selec ted is 
wea ring gla sses given that they are fema le is denoted P( G I F ) . 

f i ; ~ , P(A I B) de notes the probability that event A happe ns given 
_;..v' tha t event B happen s. 

f 

p Two event s A and Bare independent if P(A ) = P(A I B). 
f 

Worked example 3.5 
Students on the fir st year of a science course a t a university ta ke 
a n optional language m odule. The number of student s of each 
sex choos ing each available language is sh own below. 

French 

Male 17 

Female 12 

Tota l 29 

German 

9 

II 

20 

Russian 

14 

7 

2 1 

Total 

40 

30 

70 

A stud ent is selec ted at random . 

M is the event that the stud ent selec ted is m a le. 

R is the event that the student selec ted is stud ying Ru ss ian . 

Write down the va lue of: 

(a ) P(M) , (b) P(R), (c ) P(M I R), (d) P(MnR), (e) P(MUR), 
(f) P(R I M), (g) P(M' ), (h) P(R ' ), (i) P(R I M ' ), (j) P(R ' I M), 
(k) P(M'nR), (I) P(MUR') . 

Solution 
(a ) 

(b) 

(c) 

(d) 

(e ) 

There are 40 male stud ents out of a to tal of 70 

P ( M) = 
40 

= 0. 5 7 1 . 
70 

d d . . ( 2 1 2 1 stu ents a re s tu ym g Ru ssian . P R) =- = 0.3. 
70 

There a re 2 1 students st udyin g Ru ss ian of whom 14 a re 
14 

male . P(M I R) =- = 0.667. 
21 

There are 14 students who are bo th ma le and studying 

. ( 14 Ru ss ian . P MnR) =- = 0.2. 
70 

There are 17 + 9 + 14 + 7 = 47 students who are either ma le 

or s tud ying Ru ss ian (or both) . P(M UR) = 47 = 0.67 1. 
70 



(f) There are 40 male s tud ents of w hom 14 a re s tud yin g 
Ru ss ian . P(R I M) = 14/40 = 0.3 5. 

(g) There are 30 stud ents w ho a re n o t m a le (i .e. a re femal e ). 

P(M ' ) = lQ. = 0.429. 
70 

(h) There are 17 + 9 + 12 + 11 = 49 s tud ents w ho are no t 

s tudyin g Ru ss ia n . P( R' ) = 
49 

= 0 .7. 
70 

(i) Of the 30 no t male (female ) stud en ts seve n a rc stud ying 

Ru ss ian . P(R I M') = _]_ = 0.233. 
30 

(j) Of the 40 male stud ents 17 + 9 = 26 a re no t s tud ying 

Ru ss ian . P(R ' I M) = ~ = 0.65. 
40 

(k) There a re seve n s tud ents w ho a re not male (fem a le ) and 

are stud yin g Ru ss ian . P(M' nR) = _]_ = 0.1. 
70 

(I) There are 17 + 9 + 14 + I2 + II = 63 s tud ent s w ho a re 
e ithe r m ale o r n o t stud yin g Ru ss ia n (o r both) . 

P(M UR' ) = ~ = 0.9. 
70 

3.8 Addition law of probability 
In sec tion 3.4, we saw th a t if A and Bare mutuall y exc lu sive 
events then 

P(AUB ) = P(A ) + P(B ) 

A m ore ge ne ral fo rm o f thi s express io n w hich appli es w he the r or 
no t A and B are mutua ll y exclu sive eve nts is 

P(A UB) = P(A) + P(B)- P(A n B) 

Thi s is kn own as th e addition law o f probab ility. 

The diagram illu s trates thi s law. The do ts represent then equ a ll y 
likely outcom es o f a tria l. 

The event A con sists of nA of th ese outco m es, the event B con sis ts 
of ns of th ese o utco m es . nAs o f these outco m es a re common to 
both event s A a nd B. 
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If A and B a rc mutua ll y excl usive, th e eve nt AUB wo uld con sis t 
o f nA + n8 outco m es. Howeve r, if A a nd B are no t mutua lly 
exclu sive, n A + n 8 would in clud e th e n AB outco m es common to 
bo th A a nd B tw ice. 

Hence AUB con sists o f n A + n li- n A8 o utcom es a nd 
(n + n - n ) n 11 n 

P(AUB ) = A 
8 

AB =2+__!!.-~= P(A ) +P(B ) -P(AnB ) . 
n n n n 

Worked example 3.6 
One hundred a nd fift y s tud ents a t a la rge ca ter ing co llege have 
to choose be tween three tasks as pa rt o f the ir fi na l assessme nt. 
The tas ks in vo lve cake ba kin g, pas try sk ill s or swee t m ak in g. A 
summary of the ir cho ices is g ive n be low. 

Male Female 

Cake bak in g 54 26 

Pas try sk ill s 27 18 

Sweet mak ing 9 16 

A stud e nt is se lec ted a t ra nd om from those a t th e ca te ring 
coll ege. C de no tes th e eve nt th a t th e selected s tud ent chooses 
ca ke baking. D de no tes the event th a t the selected s tud ent is 
fem a le . Verify that P( CUD ) = P( C) + P( D) - P( CnD ). 

Solution 
Th ere a re 54 + 26 = 80 ca ke- bak in g s tud ent s. 

80 
P( C) = 150 

The re a re 26 + 18 + 16 = 60 fema le s tud ents. 

60 
P(D) =-

150 

The re a re 26 female ca ke- ba kin g stud ent s. 

26 
P( CnD ) = ISO 

80 60 26 
P(C ) + P(D ) - P(CnD) =-+---

150 ISO ISO 
11 4 

ISO 

The re a re 54 + 26 + 18 + 16 = 114 s tud ent s w ho a rc e ithe r ca ke­
ba king o r femal e o r bo th. 

114 
P(CUD) =- = P(C) + P(D) - P(CnD) 

ISO 

You will not be required to 
prove this result. 



EXERCISE 3E 
1 One hundred and twenty students reg ister for a foundati on 

course. At the end of a yea r they a re record ed as pa ss or fail. 
A summary of the res ults, classi fi ed by age, is shown. 

Pass 

Fail 

Age (years ) 
Under 20 20 and over 

47 

28 

33 

12 

A student is se lected at rand om from the li st of those who 
reg istered for the course. 

Q denotes the event that the selected student is under 20. 

R denotes the event that the selected student passed. 

(Q ' and R' denote the events 'no t Q' and ' not R', respectively). 

Determine the va lue of: 

(a) P( Q), (b) P(R). (c) P( Q1
) , (d) P( Qn R), (e) P( QUR), 

(f) P ( Q I R ) , (g) P ( R I I Q ) , ( h ) P ( Q 1 R I ). ( i ) P ( Q I I R ) , (j ) P ( Q n R I ) . 

2 Las t yea r the employees of a firm either received no pay ri se, a 
small pay ri se or a large pay ri se. The followi ng table shows 
the number in each category, classi fi ed by whether they were 
week ly paid or monthly paid . 

No pay rise Small pay ri se Large pay ri se 

Weekly paid 

Monthly paid 

25 

4 

85 

8 

5 

23 

A ta x in spec tor decid es to inves ti ga te the ta x affairs of an 
employee se lected at rand om. 

D is the event that a week ly paid employee is se lected. 

E is the event that a n employee w ho rece ived no pay ri se is 
se lected . 

Dl and £ 1 a re the event s ' not D' and ' not £', respec ti vely. 

Find : 

(a) P( D) , (b) P( £ 1 
), (c) P( D I£). (d) P( DU£), (e) P( EnD), 

(f) P(D n£ 1 
) , (g) P( EUDI ), (h) P( D 1£ 1

). (i) P( £ 1 1 v~ ). 
(j) Ver ify that P( EUD ) = P( £ ) + P(D) - P( EnD). 

3 A ca r hire firm ha s depots in Fa lmouth and Ti verton. The ca rs 
arc class ified small , medium or la rge acco rdin g to th ei r engine 
size. The number of ca rs in each cla ss, ba sed a t each depot, is 
shown in the foll owing table. 

Probobtltty 4 7 
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Falmouth 

Tiverton 

Small 

12 

18 

Medium 

15 

22 

Large 

13 

10 

One of th e 90 ca rs is selected at random for in spection . 

A is th e event that th e selec ted ca r is based at Fa lmouth . 

B is the event that the selec ted car is sma ll. 

C is the eve n t that th e selected car is large. 

A', 8' a nd C' are the events ' not A', ' not 8' and ' not C, 
res pective ly. 

Eva luate : 

(a) P(A ), (b) P(B' ), (c) P(AUC ), (d) P(AnB), (e ) P(AUB' ), 
(f) P(A I C), (g) P( C IA'), (h) P(B' IA), (i) P(Bn C). 

(j) By comparing your answers to (a) and (f) sta te whether 
or not th e events A and Care independent. 

(k) Verify that P(AU C) = P(A) + P( C) - P(An C). 

3. 9 Multiplication law 
If A and 8 are independent events P(AnB) = P(A)P(B) . Thi s is a 
specia l case of th e more genera l law that 

:;f P(AnB) = P(A)PIB IAI 

Yo u can verify th is using the ea rlier example: 

Glasses 

No gla sses 

A person is se lected at random . 

Male Female 

4 

5 

5 

I I 

F is the even t that the person selected is fema le . 

G is the event th a t the person selected is wea ring glasses. 

P(FnG), th e probabil ity that the person selected is a fema le 

wea ring glas ses, is _2_ or 0 .2. 
25 

P(F) = ..!.§_ 
25 

P( G I F), th e probability that the person selec ted is wearing 

glasses given tha t they are fema le, is _2__. 
16 

P(F)P(G 1 F) = ..!.§.. x _2_ = 0.2 = P(F n G) 
25 16 

A and B may consist of different 
outcomes of the same trial or of 
outcomes of different trials. 

Here F and G consist of different 

outcomes of the same trial. 



Worked example 3. 7 
Sheena buys ten apparently identical oranges . Unknown to her 
the fl es h of two of these oranges is rotten . She selects two of the 
ten ora nges a t rand om and gives th em to her grandson . Find the 
probabi lity that : 

(a) both the oran ges are rotten, 

(b ) exactly one of the oranges is rotten. 

Solution 
(a) P( 1st rotten n2 nd rotten) = P( l st rotten) X 

P( 2nd rotten 11 st rotten) 
2 

P( I st rotten) = lO 
There are now only nine oranges left to choose from, of 
which one is rotten . 

1 
P(2nd rotten li st rotten) =-

9 
The probabi lity that both oranges are rotten is 

_2_ X _!_ = - 1- = 0.0222 . 
10 9 45 

(b ) There are two outcomes which res ult in one rotten orange. 

1st rotten 2nd OK with probabi li ty 2. X~=~ 
10 9 90 

or 1st OK 2nd rotten with probabi l ity ~ X 2 = ~. 
10 9 90 

Since th ese outcomes are mutually exclusive we may add their 
probabilities to obtain the probab il ity of exactly one rotten 

16 16 32 
orange=- + -=-= 0. 356. 

90 90 90 

You may prefer to so lve exa mples like th is using tree diagram s. 

I st orange 2nd orange Outcome Probability 

ro tten rotten 2 I 2 
lO X 9 = 90 

rotten OK 2 8 16 
lO X 9 = 90 

OK rotten 8 2 16 
lO X 9 = 90 

OKOK 8 7 56 
lO X 9 = 90 

(a) The probab il ity o f both oranges being ro tten is 2. = 0.0222 . 
90 

(b) The probabi lity of exactly one orange being ro tten is 

__!.§_ + __!.§_ = 0.356 . 
90 90 

Probability 49 

Note that although the oranges 
are selected in a different order 
the probabilities are the same. 

I 
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Worked example 3.8 
Whe n Ba li is o n holid ay she inte nd s to go fo r a fi ve- mil e run 
before breakfas t each da y. However, so m etimes she stays in bed 
in s tead . The probability th a t she w ill go fo r a run on the fir st 
m orning is 0.7. Th e rea ft er, the proba bility tha t she w il l go fo r a 
run is 0 .7 if sh e w ent fo r a run on th e previous m ornin g a nd 0.6 
if she did no t. 

Find th e proba bility tha t on th e fir st three d ays o f th e holid ay 
she w ill go fo r: 

( a ) three run s, 

(b) exactl y two run s. (A] 

Solution 
(a) Probability Ba li goes fo r three run s (RRR). 

P(R I st m orning ) X P(R 2nd m orning I R I s t m ornin g) x 
P(R 3rd m orning I R 2nd morning)= 0 .7 X 0.7 X 0 .7 = 0.343. 

(b) Proba bili ty th a t Ba li run s the fir s t two mo rnin gs a nd stays 
in bed (B) on the thi rd m orning is 

P(R 1st m orning ) X P(R 2nd m ornin g I R 1st m ornin g) X 

P( B 3rd m orning I R 2 nd mo rnin g) = 0.7 X 0.7 X 0.3 = 0.147. 

Th e re a re two o th e r poss ibi lities 

RBR w ith proba bility 0.7 X 0 .3 X 0 .6 = 0. 126 

a nd 

BRR w ith proba bility 0 .3 X 0 .6 X 0 .7 = 0 .1 26 

These o utcom es a re mutua ll y exclu sive and so th e 
proba bility of Ba li goin g for exact ly two run s is 

0.147 + 0 .126 + 0 .126 = 0.399. 

EXERCISE 3F 
I A ca r hire firm own s 90 cars, 40 of w hi ch a re based a t 

Fa lm ou th and the o ther 50 a t Tiverton . If two of th e 90 ca rs 
a re se lec ted a t rand om (w ithou t replace m ent ) fin d the 
probab ility tha t: 

(a ) bo th are based a t Fa lmo uth , 

(b) one is based a t Fa lmo uth a nd the o th e r a t Tiver to n . 

2 Eight s tud ents sha re a ho use . Five of them own bicycl es and 
three d o n o t. If two o f the s tud ent s a re chose n a t ra nd om to 
comple te a survey on publi c tra n sport , find th e proba bility 
th a t: 

(a ) bo th own bicycles, 

(b) one owns a bicycle a nd th e o th er does not. 



3 A small firm employs two sal es representatives, 
six admini stra tive staff and four others. 

(a) If two of the 12 sta ff are selected a t random find the 
probability that they are: 
(i) both sales represen ta ri ves, 
(ii) one admini stra tor and one sa les representa tive, 
(iii) neither admini strative sta ff. 

(b) If three of the 12 sta ff are selected at ra ndom without 
replacement find the probability that they: 
(i) are a ll admini stra tive staff, 
(ii) include two admini stra tive sta ff and one sa les 

representative, 
(iii) include exactl y one sa les represen ta rive, 
(iv) include one sa les representative, one admini strator 

and one other. 

4 At a Corni sh seas ide resort, the loca l council di splays wa rning 
fl ags if conditions are considered to be dangerous fo r bathing 
in the sea. The probability that fla gs are di splayed on a 
particular da y is 0.4 if they we re displayed on the previous 
day, and 0.1 5 if they we re not di splayed on the previous day. 

A family arri ves fo r a three-day holiday. Ass ume the 
probability that fl ags are di splayed on their fir st day is 0.3. 

Determine the probability that fl ags are di splayed on: 

(a) all three days, 

(b) none of the three days, 

(c) exac tl y one of the three days. [A] 

5 The probabili ty of rain in terrupting play at a county cri cket 
ground is es timated to be 0.7 if rain has interrupted play on 
the previous day, and 0.2 if rain has not interrupted play on 
the previous day. 

A three-day match is scheduled to start on Wednesday. The 
wea ther fo recas t sugges ts that the probab ili ty of rain 
interrupting play on the fir st day is 0.4. 

Find the probability that rain w ill interrupt play on: 

(a) Wednesday, Thursday and Frid ay, 

(b) Wednesday and Frid ay, but not Thursday, 

(c) Thursday and Friday onl y, 

(d) Friday only, 

(e) exactly one of the first two days (rega rdl ess of what 
happens on Friday) , 

(f) exactl y one of the three da ys, 

(g) exactly two of the three days. 

Probability 5 I 

I 



52 Probabli1ty 

6 During an epidemi c a doctor is consulted by 40 people who 
claim to be sufferin g from flu. Of the 40, 15 are female of 
w hom ten have flu a nd fi ve do no t. Fifteen of the m ales h ave 
flu a nd the res t do not. If three of the people are selec ted a t 
rand om , without replacement, find the probability tha t: 

(a) all three are fem ale, 

(b) a ll three have flu , 

(c) a ll three a re fema les with flu , 

(d) a ll three are of the sa me sex , 

(e) one is a female with flu and the other two are fem ales 
without flu , 

(f) one is male and two are female, 

(g) one is a m a le w ith flu, one is a male without flu and one 
is a female with flu . 

MIXED EXERCISE 
l A group of three pregnant women attend antena tal classes 

toge the r. Ass umin g tha t each wom a n is equa ll y likely to give 
birth on each of the seven days in a week, find th e probability 
that all three give birth : 

(a) on a Mond ay, 

(b) on th e same day of the wee k, 

(c) on different da ys of the week, 

(d) a t a weekend (either a Sa turda y or Sund ay ). 

(e) How large would the group need to be to make the 
probability of all the wom en in the group giving birth on 
different days of th e week less than 0.05? [A] 

2 Con veyo r-belting for use in a chemical work s is tes ted for 
strength. 

Of the pieces of belting tes ted a t a tes ting sta tion, 60% com es 
from supplier A and 40% comes from supplier B. Pa st experien ce 
shows that the probability of passing the strength tes t is 0.96 
for belting from supplier A and 0.89 for belting from supplier B. 

(a) Find the proba bility that a ra nd omly se lec ted piece of 
beltin g: 
(i) com es from suppl ier A a nd passes the stren g th tes t, 
(ii) pa sses the strength tes t. 

The belting is also tested for sa fe ty (thi s tes t is based on the 
amount of heat genera ted if the belt snaps ). 

The probability of a piece of belting from supplier A pa ssing 
the safe ty tes t is 0 .95 and is independ ent of th e res ult o f the 
stren gth tes t. 

(b) Find th e proba bility that a piece of belting from supplier 
A will pa ss bo th the stren gth and safe ty tes ts. [A] 



3 Vehicles approaching a crossroad mu st go in one of three 
direc tions- left, ri ght o r s trai ght on . Observations by tra ffi c 
en gineers show ed that of vehicl es approa chin g from th e 
n orth , 45% turn le ft, 20% turn right a nd 35% go s trai ght on . 
Ass uming that the driver o f each ve hicle chooses direc tion 
independ ently, what is th e proba bility th a t of the nex t th ree 
vehicl es approachin g from the north : 

(a) all go strai ght on , 

(b) all go in the sa me directi on , 

(c) two turn left and one turn s ri ght, 

(d) all go in different direc ti on s, 

(e) exactl y two turn left? (A] 

4 A bicycle shop stocks ra cin g, to uring and m ounta in bicycl es. 
The foll owin g ta ble shows the number of bicycles o f each type 
in s tock, toge th er w ith th e ir pri ce ra nge. 

Price range 
< £250 £250-£500 > £500 

Racing 10 18 22 

Touring 36 22 12 

Mountain 28 32 20 

A bicycl e is se lected a t ra nd om for tes tin g. 

R is the event th a t a rac in g bicycle is selec ted . 

S is th e event that a bi cycl e worth be tween £2 50 a nd £500 is 
selected . 

T is th e event that a touring bi cycle is selec ted. 

(R ' , S', T' a re the events ' no t R', ' no t S', ' no t T , res pective ly. ) 

(a) Write down the va lue o f: 
(i) P(S), (ii) P(R nS ), (iii) P( T' us') (iv) P(S I R). 

(b) Ex press in term s o f the event s th a t have been defin ed 
the event that a m ountain bicycle is se lected . 

(c) Verify that P(R US ) = P(R) + P( S ) - P(RnS) (A] 

5 The probability that te lepho ne ca ll s to a ra ilw ay tim e tabl e 
enquiry service are a n swered is 0 .7. 

(a) If three ca ll s are m ade, find the proba bility th a t : 
(i) a ll three are a n swe red , 
(ii) exactly two a rc answered . 

(b) Ahmed requires some time tabl e informa ti on a nd decides 
th a t if hi s call is no t a n swered he w ill call repea tedl y 
until he obtain s an a n swe r. 

Find the proba bility th a t to obta in a n an swer he has to 
ca ll : 
(i) exactl y three tim es, (ii) a t leas t three times . 

Probabil1ty 53 
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(c) If a ca ll is an swered, the probability that the information 
given is correc t is 0 .8. Thus, there are three poss ible 
outcom es for each ca ll : 

ca ll not answered 

ca ll a nswe red but incorrec t information given 

ca ll answered and co rrec t information given. 

If three ca ll s a re made, find th e probabi lity th a t each 
outcom e occurs once. [A] 

6 At th e beg inning of 1992 a motor in surance company 
cla ss ified its customers a s low, medium or high ri sk. The 
following tabl e shows the number of cu stomers in each 
category and whether or not they made a cla im during 1992. 

Low Medium High 

No claim in 1992 

Claim in 1992 

4200 

200 

5 100 

500 

(a) A customer is selected at random . 

3900 

1100 

A is the eve nt that th e custom er m ade a claim in 1992 . 

B is the event that the custo mer was cla ss ified low risk. 

A ' is the event ' not A'. 

Write down the va lue of: 
(i) P(A ), 
(ii) P(A I B), 
(iii) P(B l A' ), 
(iv) P(AnB ), 
(v) P(BUA' ). 

(b) As a res ult of the data in (a) the compa ny decided n o t to 
accept any new hi gh ri sk custom ers (but existing 
customers could continue ). In June 1993 its customers 
were 30% low ri sk, 65% m edium ri sk and 5% high ri sk. 
Use the data in th e table above to es timate, for each 
category of customer, the proba bility of a claim be ing 
made in the n ex t year. Hen ce es timate the probability 
that a rand omly selected custom er wi ll make a claim in 
the nex t year. [A] 

7 A market researcher wishes to interview resident s aged 18 
years and over in a small village. The adult popu lation of the 
village is made up as foll ows: 

Age group 

18-29 

30- 59 

60 and over 

Male 

16 

29 

15 

Female 

24 

2 1 

25 



(a) When one person is selected at random for interview: 

A is the event of the person selected being male, 

B is the event of the person selected being in the age 
group 30-59, 

C is the event of the person selected being aged 60 or over. 
(A ' , B', C' are the events ' not A', ' not B' and ' not C', 
res pectively.) 
Write down the va lue of: 
(i) P( A), (ii) P(AnB), (iii) P( AUC'), (iv) P( B' lA) . 

(b) When three people are selected for interview, what is the 
probability that they are a ll female if: 
(i) one is selected at random from each age group, 
(ii) they are selected a t rand om, without replacement, 

from the population of 130 people? 

Three people are selected at rand om, without replacement. 

(c) What is the probability that there will be one from each 
of the three age groups? [A] 

Key point summary 

Probability is measured on a sca le from 0 to I. p33 

2 If a trial ca n result in one of 11 equall y likely p34 
outcomes and an event consists of r of these, then 
the probability of the event happening as a result of 

h · I · r t e tna IS-. 
11 

3 Two event s arc mutually exclusive if they ca nnot p36 
both happe n. 

4 If A and B arc mutually exclusive event s p36 
P(AUB) = P(A) + P(B) . 

5 The event of A not happening as the result of a tri al p37 
is ca ll ed the complement of A and is usually 
denoted A' . 

6 Two events a re independent if the probabi li ty of p38 
one happe ning is unaffected by whether or not the 
other happe ns. 

7 If A and Ba re independent event s p48 
P(AnB) = P(A) P(B). 

8 P(A I B) denotes the probability that event A happens p44 
given that event B happens. 

9 If events A and Bare independent P( A I B)= P(A). p44 
10 P(AUB) = P(A) + P( B) - P(AnB). p45 
I I P(AnB) = P( A) P(B IAJ = P(B)P(A 1 B) . p48 
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Test yourself 

I Twelve compone nts includ e three th a t are defec tive. If two 
components are chosen at random from the 12 find th e 
probability that: (a ) both are defec tive, (b) exactl y one is 
defec tive. 

2 Under what conditi on s does P(RnQ ) = P(R)P(Q)? 

3 Under what conditi ons does P(SUT) = P( S) + P( T)? 

4 A stud ent is selected from a class. R is the even t tha t the 

What to review 

Section 3.9 

Section 3.5 

Section 3.4 

stud ent is female . Describe the co mplement of R. How is the Section 3.4 
complem ent u suall y denoted? 

5 There are 15 male a nd 20 fem a le pa ssengers on a tram . Ten of Sections 3. 7, 3.8 and 3.9 
the ma les and 16 of the females a re aged ove r 25. A ticket 
inspector selec ts one of the passen gers at random. 

A is the eve nt that the pe rson selected is fem a le, B is the event 
that the person selec ted is over 25. 

Write down P(A), P( B), P(A I B) , P(AnB) a nd P(AUB ). Hence 
verify that P(AnB ) = P(B)P(A I B). 

Why is it not possible to apply the la w P(AUB) = P(A) + P(B) 
in thi s case? 

6 It is es timated that the probability of a leagu e cricket match Sections 3.5 and 3.6 
ending in a hom e win is 0 .4, an away win is 0 .25 a nd a draw is 
0.35. Find the probability that if three ga m es arc played, and 
the res ul ts are independ ent, there will be : 

(a) th ree home wins, 

(b) exact ly one hom e win, 

(c ) one home win, one away win and one draw. 

Test yourself ANSWERS 

~<:£t' O (q ) ~1790'0 (e) 9 
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Learning objectives 
After s tud ying this chapte r, yo u sho uld be able to: 
• recogni se w h en to u se the bino mia l di stribution 
• sta te any ass umption s necessa ry in order to u se th e bino mi a l di stributi on 
• apply th e binomia l di stribution to a va rie ty of problem s. 

4.1 Introduction to the binomial 
distribution 

Bicycle, Bienni a l, Binary and Binomial a ll sta rt w ith 'B i' w hich 
genera ll y implies tha t ' two' of something are involved . In th e 
binomia l di stribution, the ra nd om va ri a ble concerned has two 
poss ibl e outcom es. 

You have a lready m et th e binomi a l situat ion in chapter 3, 
section 3.6, w here th e res ults from a fa ir co in being thrown 
three times a re con sidered . 

I 
2 

I 
2 

I 

~H <H I T H 2 T~H 
I T 
2 

I 

T< Hf : 
1 ~H 2 T 

I T 
2 

HHH l x l x l 
2 2 2 

HHT l x l x l 
2 2 2 

HTH l x l x l 
2 2 2 

HTT l x l x l 
2 2 2 

THH l x l x l 
2 2 2 

THT l x l x l 
2 2 2 

TTH l x l x l 
2 2 2 

TTT l x l x l 
2 2 2 

In thi s situat ion, the two outcom es a re H, a head is showing, or 
T, a ta il is showing. 

I 
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There are three throws or trials involved and the res ults which 
are poss ible can be written in the fo llowing way: 

All 3 h ead s 
(and 0 tail s ) 

HHH 

1 w ay of 
obtaining a ll 

3 h ead s 

2 h ead s 
(and l tail) 

HHT 
HTH 
THH 

3 w ays of 
obta ining 

exa ctly 2 h ead s 

!head 
(and 2 tail s ) 

HIT 
THT 
TTH 

3 ways of 
obtaining 

ju st 1 h ead 

0 head s 
(and 3 tail s ) 

ITT 

l way of 
obtaining 
no h ead s 

These res ult s a re n o rma lly w ritte n in th e following w ay: 

( 
1 )3 1 

P(X= 0) = 2 = 8 ( 
1 )3 3 P(X = I) = 3 X 2 = 8 

( 
1 )3 3 P(X = 2 ) = 3 X 2 = 8 ( 

1 )3 1 
P(X = 3 ) = 2 = 3 

If the coin w as n o t a fa ir co in but w as a coin w hich ha d been 

squa sh ed with a pro ba bility of a h ead sh owin g be in g l, rather 
4 

th a n l, the n the tree dia gram would look like this: 
2 

I 
4 

3 
4 

P(X = 3) = ( ~ r 

I 

~H /H ~ T 
H~T~H 

3 T 
4 

I 

T<~ Hf : 
3 ~H 
4 T~ 

3 T 
4 

HHH 

HHT 

HTH 

HTT 

THH 

THT 

TTH 

TIT 

P(X = 1) = 3 X ( ~ ) X (! r 
P(X = 2) = 3 X ( ~ r X (!) 
P(X= 0) = (!Y 

A tree diagra m ca n be u sed to find binomial pro babilities but 
only in simple situa tions . 



4.2 The essential elements of the 
binomial distribution 

Certain conditions a re necessa ry for a situation to be 
modell ed by the binomia l di stribution. 

• A fi xed number of tri als, n. 

• Ju st two poss ible outcomes resulting from each trial. 

• The probabi li ty of each outcome is the same for each 
tria I. 

• The trial s are independent of each othe r. 

The letters n and p are the binomial parameters. 

EXERCISE. 4A 

1 If the probability of a baby being male is 0.5, draw a tree 
diagram to find the probabi lity that a fami ly of three chi ldren 
has exactly two boys. 

2 Four fair coin s are thrown. Draw a tree diagram to find the 
probabi lity that : 

(a) only one head is obtained, 

(b) exactl y two head s arc obtained . 

3 At a birthday party, it is time to light the ca ndles on the ca ke, 
but there are onl y three matches left in the box. If the 
probabi li ty that a match light s is onl y 0.6, find the probabi lity 
that none of the matches will li ght. 

4 A regular di e has six fa ces. Two have circles on them and four 
have squares . Thi s di e is roll ed three times and the shape on 
the top of the die is noted. 

Draw a tree diag ram to illu stra te the poss ible outcomes and 
find the probabi li ty that: 

(a) none of the roll s res ult ed in a squ a re shape on the top 
face, 

(b) at least two throws res ulted in a squ are shape on the 
top face. 

B1nom101 d1str1buuon 59 

These are often referred to as 
'success' and 'failure'. 

The probability of a 'success' is 
called p. 

Either outcome can be called the 
'success' but by convention, you 
usually refer to the less likely 
outcome as the 'success'. I 
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4.3 Investigating further- Pascal's 
triangle 

For larger va lues of n, a tree dia gra m is too difficu lt to construct 
a nd a rul e is needed to help find th e binomial probabilities. 

Remembe r, in the binomia l situation : 

n represents the number of tria ls, 

p rep rese nts the probabi lity o f the event concerned . 

We ca n then identify that a ran dom var ia bl e X follows a 
binomial distribution by w ritin g 

X ~ B(n, p ) 

Worked example 4. I 
As hoke, Theo, Sadie and Pa ul wil l each visit the loca l le isure 
centre for a swim on e afternoon nex t week . They have not made 
a ny particu la r arrangement between them selves about which 
afte rnoon they w ill go swimming and they are each equal ly 
like ly to chose any afternoon of the week. The rand om va riable 
in vo lved, X, is the number o f th e four fri end s w ho go swimming 
on the Wednesday afternoon of th e following week. 

Find th e probability that exactl y two of the fr iends go 
swimming on Wednesday afternoon. 

Solution 
h. . . ( 1) In t IS Situation, X ~ B 4, l . 

There are four trial s as we are con sidering the number going o ut 
o f th e four fri end s. This te ll s us n = 4. 

1 
They ca n choose any afternoon therefore p = -. 

7 
The tree d iagram on the n ex t page shows the probabi lities for 
how man y o f th e fri end s go on Wednesday. It is very tediou s to 
con struct as there a re 16 branches. 

P(X = 0) = (~ r 
1296 

2401 

P(X = 2) = 6 X ( ~ r X ( ~ r 
216 

2401 

P(X = 4 ) = ( ~ r = 24101 

P(X = 1) = 4 X ( ~ r X ( ~) 
864 

2401 

P(X = 3) = 4 X ( ~) X ( ~ r 
24 

2401 

In section 4.1 

Example I , X - s( 3, t) 
Example 2, X - s( 3, ~) 

As the friends are equally likely 
to choose any afternoon out of 
the seven available, the 
probability that one of them 

chooses Wednesday is~· 



--

I w -7 

W' §_ 
7 

I w -7 

W' §_ 
7 

W represents 'Wednesday' 
W' represents ' no t on Wednesday' 

( 
6 )2 ( l )2 Considering P(X = 2) = 6 X 7 X 7 . 

The fra ction s in volved are eas ily expla ined . 

X 

4 

3 

3 

2 

3 

2 

2 

3 

2 

2 

2 

0 

Probability 

(W 
(W(~) 

(~) 3 (~) 

(W(~( 

(~ ) 3 ( ~) 

(W(~t 

(W(~t 
(~) (~) ) 

( ~r (~ ) 
(~) 2 (~r 

(W(~( 
(~) ( ~r 

(~t (~ ) 2 

(~) (~r 

(~) (~) ) 

(~f 

As we are inte res ted in hav in g two of the group o f four going to 
the leisure ce ntre o n Wedn esday and, as the probabi li ty for each 

. l ( l )2 
IS ?' the 7 is ex plained . Also, two ou t ~ f th e four wi ll not be 

gomg on Wedn esday which gives the ( ~) . The 6 is ex p lained by 

the fa ct that th e re are six branches of the tree di ag ra m w hi ch 

give two ( ~ ) s and two ( ~ )s. 
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The six ways can be see n by exa minin g th e tree dia gram but we 
wo uld not wa nt to draw a tree diag ram every time (ima gine if 
th e re were 10 friend s in volved!) and so anot he r me th od need s 
to be developed to find binomial probabiliti es. 

If we ca n produce the fra ct ions in th e expression for a binomial 
probability fa irly eas ily, then a ll that is needed is a way to find 
th e right numbers or coeffi cients to go with them for a ll the 
diffe rent ways of combining these probabilities. 

In section 4. 1, the coefficients for the binomial m odel w he re 
11 = 3 were found to be 1, 3, 3, 1. 

In worked example 4.1, w here 11 = 4, the coefficients we re fo und 
to be 1, 4 , 6, 4 , 1. 

You might recogni se these numbers from Pa scal 's tri ang le 
shown below. 

Pascal's triang le 

2 

3 3 17 = 3 

4 6 4 ---n = 4 

5 10 10 5 

6 15 20 15 6 

7 21 35 35 2 1 7 

8 28 56 70 56 28 8 

9 36 84 126 126 84 36 9 

10 45 120 2 10 252 210 120 45 10 1--- n = I O 

Worked example 4.2 
Let' s ima gine now that the re are 10 fri end s, each of w hom wi ll 
visit the le isure centre for a swim one afternoon nex t week. 
What is th e probability that exactly three of them go fo r a swim 
on Wedn esday? 

Solution 
It is clearly not poss ible to use a tree dia gram thi s time but we 
can start to find the probability by findin g the fraction s needed . 

For three to go on Wedn esday, we need ( ~ y. AJ so, seve n mu st 

not go on Wednesda y w hich gives ( ~ r 

You may well have met Pascal's 
triangle during GCSE 
investigations. 

Now, X - s( I 0, t} 

There would be I 024 branches 
for this situation. 



We ca n w rite dow n these fraction s but how man y different ways 
are th e re of combinin g them? Accordin g to Pa sca l' s trian gle, fo r 
the relevant row re la ting ton = 10, th ere a re 120 ways o f 
combining three out of the I 0 go in g on Wednesday and seven 
not goin g on Wednesday. 

(
1 ) 3 (6)7 33592320 

SoP(X = 3 ) = I20 X 7 X 7 = 282 475249 

= 0 .1 I 9 (three significa nt fi gures) 

Note: ( ) 1 . n n - n. 
The expressions or C, - 1 ( _ )I. 

r r. X n r . 

. ( 10) IOC 10! The expressions 
3 

or 3 = 
3
! X 

7
! 

10 X 9 X 8 X 7 X 6 X 5 X 4 X 3 X 2 X I 
(3 X 2 X I} X (7 X 6 X 5 X 4 X 3 X 2 X I} 

= I 0 X 9 X 8 = 120. 
(3 X 2 X I) 

Thi s is much eas ier to w rite down and ca lculate than dra w in g 
1024 branches ! 

Th e number o f ways o f choos in g 3 from I 0 is norma lly wr itten 

C~) or 1°C3, so th e required probabi lity ca n be w ritten a s 

P(X = 3) = c~) x ( ~ r x ( ~ r 
Worked example 4.3 
Continuing w ith the same prob lem. 

Find th e proba bility that exactl y ha lf of th e fri end s go to th e 
leisure centre o n Wedn esday fo r a swim . 

Solution 
The re leva nt number thi s time is 252. 

The fraction s are (~rand ( ~ r 

Hence P(X = 5) = 252 X ( ~ r X ( ~ r 

I 959 552 o oo 9 ( I . .f. f. l = = . 6 4 t 1ree stgm tca nt tgures . 
282 475 249 

Again looking at the row labelled n = I 0 

I 10 45 120 210 252 
X == O X = l X = 2 X = 3 X = 4 X = S 
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The row is labelled n = I 0 
I 10 45 120 
X = O X = l X = 2 X=l 

Half means five do go on 
Wednesday and five do not go. 

I 
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Worked example 4.4 
Let's ex tend the problem furthe r to 20 fri end s, each o f whom 
wi ll visit the leisure centre for a swim one day nex t week . 

What is th e probability that exact ly five of them will go for a 
sw im on Wedn esday? 

Solution 
This time, both a tree dia gra m and Pascal's triangle are too 
difficult to u se, but we ca n easi ly find th e fra ction s: 

Five out o f 20 do swim on Wednesday means (_!_) 5 
and 15 o ut of 

(
6)15 7 

20 do no t, w hich gives 7 . 

The number of ways of doin g thi s is C~) which is 15 504. 

(
I )5 (6)15 ~o P(X = 5) = 15 504 X 7 X 7 = 0.0914 (three significant 

f1 gures) . 

4.4 Finding a formula 
When the probability o f a 's uccess' is p and an experiment is 
repea ted n times, then the proba bi lity that there are x successes 
is g iven by: '* P(X ~ x) ~ (:)v(l-p)l" -'' 
EXERCISE 48 
1 Ropes produced in a factory are tested to a certain breaking 

s train. From pa st experien ce it is found that one-quarter of 
ropes brea k at thi s s train . 

From a ba tch of four such ropes, find th e probability that 
exac tly two brea k. 

2 A distorted coin, where the probability of a head is l, is 
h f

. . 5 
t rown 1ve times . 

Find the probability that a hea d shows on exactly four o f 
these throws. 

3 A group of 10 fri end s p lans to each bu y a prese nt for their 
fri end who ha s a birthday. The probability that they wi ll 
choose to buy chocolates is 0.4 and the fri end s a ll choose their 
present independently. 

Find the probabil ity that only three of the 10 fri end s decide to 
buy chocolates. 

You may find that you need to 

find (2~) or 2°C5 using the "C, 

button on your calculator. 

So X - B(n, p) . 

n is the number of trials. 

Use this formula to answer the 
questions in Exercise 4B. 

In the next section you will see 
that some binomial probabilities 
can be obtained from tables. 
However, the tables do not 
contain all possible values of a 
and p. It is essential, for 
examination purposes, that you 
are able to calculate binomial 

probability if necessary. 



4 A bank ca sh dispenser ha s a proba bility of 0 .2 of being out of 
ord er on any one da y ch osen a t random . 

Find the proba bility that, out of th e 10 of these ma chines 
which thi s bank owns, exactly three are out of ord er on a ny 
one given da y. 

5 The probability that Miss Brown will m ake a n error in 
entering any one se t of daily sa les da ta into a da ta base is 0 .3. 

Find the proba bility that, during a fortni ght (ten working 
days ) she m akes a n error exactl y four times. 

6 A res taurant takes bookin gs for 20 ta bles on Sa turd ay night. 
The probability that a party does n ot turn up for their 
booking is 0.15 . 

Find the probability that only two of the pa rties who h ave 
made bookings do n ot turn up . 

7 A sch ool pupil attempts a mul tiple-ch oice exa m paper but 
has no t made any effort to lea rn any of the informa tion 
necessary. There fore th e pupil guesses the a nswers to all th e 
qu es tions. 

There a re fi ve poss ib le an swers to each qu es tion a nd th ere 
are 30 qu es ti ons on the pa per. Find th e probability that 
the pupi l ge ts e ight qu es tions correct out o f th e 30 on t.he 
paper. 

8 A batch of 25 lightbu lbs is sent to a sm all re tailer. The 
proba bility that a bu lb is faulty is 0.1. 

Find the probability tha t only two of th e bulbs a re fa ulty. 

4.5 Using cumulative binomial tables 
We now have a formula to use for eva lua tin g binomia l 
probabilities for precise numbers of successes . We may, however, 
need to eva lua te more tha n ju st one individua l probability, often 
a whole series of such probabilities, and thi s ca n become ve ry 
tedious. Fortunately, cumu lative binomia l proba bility ta bles h ave 
been constructed to help out in such cases, fo r certa in va lues of 
P and n. 

Worked example 4.5 __ 
If an unbiased coin is thrown eight tim es, wh a t is th e 
Probability of obta ining fewer than four heads. 
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Some calculators will give 
binomial probabilities directly, 
and this is acceptable in the 
examinat ion. 

Refer to section 4.4. 

Tables can be found in the AQA 
Formulae Book, Table I, and at 
the back of t his book. 

In this case X - B(8, 0.5). 

I 
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Solution 
For P(X < 4) , we wi ll need 

P(X= 0) + P(X = 1) + P(X = 2) + P(X = 3 ) 

= P(X :::; 3) 

Thi s mea ns eva luating a nd summing four binomia l 
probabiii tics 

= 0.3633 (four decimal places ) 

but, using the tables, where n = 8 and p = 0.5, we require 
P( X:::::; 3 ) which is given as a cumula ti ve probab ility in the tab les 
along the row labelled x = 3 . 

The required probabi lity is found d irectly as 0.3633. 

>--.J.' 0 .0 1 0.02 0.03 0 .04 0.05 0.06 0. 07 0 .08 0.09 0.1 0 0. 15 0 .20 

II = 8 0 0.9227 0 .8508 0.7837 0.72 14 0.6634 0 .6096 0 .5596 0.5 132 0.470 3 0.4 305 0.2725 0. 1678 

I 0.9973 0 .9897 0.9777 0 .96 19 0.9428 0 .9208 0 .8965 0 .8702 0 .8423 0 .8 13 1 0.6572 0 .5033 

2 0.9999 0 .9996 0.9987 0.9969 0.9942 0.9904 0.9853 0 .9789 0.9711 0.9619 0.8948 0 .7969 

- 3 1.000 1.000 0.9999 0.9998 0 .9996 0.9993 0.9987 0 .9978 0.9966 0.9950 0 .9786 0 .9437 

4 1.000 1.000 1.000 1.000 0.99'-JI.J 0 .9999 0.9997 0 .9996 U.9V7 1 0 .9896 

5 1.000 1.000 1.000 1.000 0 .9998 0.9988 

6 1.000 0.9999 

7 1.000 

8 

Worked example 4.6 
The probabi lity that a ca ndidate will guess the correct answer to 

a multiple-choice ques tion is 0.2. In a multiple-choice tes t there 
are 50 ques tions. A ca ndid ate decides to guess the answers to a ll 
the ques ti ons and chooses the answers a t random, each answer 
being independent of any other answer. 

Find the probabi lity that the ca ndida te: 

(a) ge ts five or fewer answers correct, 

(b) ge ts more than 14 answers correct, 

(c) ge ts exactly nine answers co rrect, 

(d) gets between seven and 12 (incl usive ) an swe rs correct. 

0, I , 2, 3, ~. 5, ... 

X less than 4 

This may be found directly on 
some calculators and is allowed 
in exams. 

Tables should always be the first 
choice for finding any binomial 
probabilities - they are so much 
easier. However, not all values of 
n and p are included so you may 
need to calculate probabilities. 

l 
0.25 0 .30 0.3 5 0 .40 0 .45 0.50 

0. 1001 0.0576 0.0319 0.0 168 0.0084 0.0039 

0.3671 0.2553 0. 169 1 0 . 1064 0.0632 0.0352 

0.6785 0.55 18 0.4278 0.3 154 0.2201 0. 1445 

0.8862 0.80 59 0.7064 0.5941 o.477o lo.3633 1 

0.9727 0.9420 0.8939 0.8263 0.73Y6 0.6367 

0.9958 0.9887 0 .9747 0.9502 0.9115 0.8555 

0.9996 0.9987 0 .9964 0.99 15 0.98 19 0.9648 

1.000 0.9999 0.9998 0.9993 0.9983 0.996 1 

1.000 1.000 1.000 1.000 1.000 

The probability of a 'success' 
should be chosen so that p :::::; 0.5 
as found in these tables. 



Solution 
In thi s case, the number o f tria ls, n =50 . 

The probability o f 's uccess' (obta ining a co rrec t a n swer ) p = 0.2 . 

(a) P(X:S 5) ca n be found direc tly from the ta bles. As th e ta bles 
are cumu la tive, all six probabilities a re summed for you 

P( X = 0) + P( X = I) + P( X = 2) + P( X = 3) + P(X = 4) 
+ P( X = 5) = 0.0480 . 

(b) P(X > 14) cannot be fo und direc tly from the ta bles but ca n 
be ea s il y w orked out from a proba bility that is give n the re. 

The oppos ite event to ge ttin g m ore tha n 14 correct is 
ge ttin g 14 or fewer correc t so we need 

I - P(X :s 14) = I - 0.9393 

= 0 .0607 

(c) P( X = 9 ) is no t give n in the ta bl es but, aga in , it ca n be 
fo und from probabilities tha t a re there by findin g 

P(X :s 9 ) - P( X :s 8 ) 

= 0.4437- 0.3073 

= 0 .1364 

Alte rnative ly, th e formula ca n be used 

P( X = 9 ) = ( 5 ~) X (0 .2 )9 X (0 .8 )41 

= 0.1364 (four decima l pl aces). 

(d) P(7 ::; X :::; 12 ) in volves summin g six indi vi du a l 
probabiliti es whi ch is poss ib le but tedio us. 

The ta bles can be used to obta in the a n swer mu ch 
m o re ea s ily by findin g 

P(X ::5 12 ) - P(X ::::; 6) 

= 0 .8 139 - 0.1034 

= 0 .7105 

Worked example 4. 7 
A golfer prac ti ses on a drivin g ra nge. Hi s a im is to dri ve a ba ll to 
w ithin 20m o f a fl ag . 

The probability th a t he w ill achi eve thi s w ith each pa rti cul ar 
drive is 0.3. 

If he drives 20 ba ll s, w hat is th e proba bility th a t he achieves: 

(a) fi ve or fewer successes, 

(b) seven or m ore successes, 

(c) exactl y six successes, 

(d) be twee n four a nd e ight (inclu sive ) successes. 
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X - B(SO, 0.2) 

Five or fewer means 
0, I, 2, 3, 4, 5, ~. 7, . .. 

more than 14 means 
0, I, 2, . .. , 13, 14,"11~5,'1'6,-.-. . -, 5;:-;;0 

X ::::; 14 X > 14 

Clearly 
0, I , .. . , 7, 8, 9, I 0, . .. 

X ::5 8 

X ::5 9 

Look back at section 4.4. 

It is up to you to choose which 
method you find easier. 

Consider this: 

0, ... , 5, 6, 7, 8, 9, I 0, II , 12, 13, . . . , 50 
X :s 6 

X ::5 12 

I 
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Solution 
Clearly, in this situation n = 20 and p = 0.3 . 

(a) We require P(X :::; 5) = 0.4164 

(b) This time the tables do not supply the answer directly, but 
it can be found by evaluatin g 

I - P(X :::; 6) = I - 0.6080 

= 0.3920 

(c) P(X = 6) ca n either be found from th e tables by eva luating 

P(X :::; 6) - P(X :::; 5) 

= 0.6080 - 0 .4164 

= 0 .1916 

or from the fo rmula where 

P(X = 6) = C~) X (0 .3 )6 X (0.7) 1
4 

= 0.1916 

(d) P(4 :::; x :::; 8) again can be found from the tables by 
eva luating 

P(X ::=; 8) - P(X :::; 3) 

= 0 .8867 - 0.1071 

= 0.7796 

4.6 The mean and variance of the 
binomial distribution 

If you played ten games of table tennis against an opponent 

who, from pa st experience, you know ha s a cha nce of only_!_ of 
5 

winning a game against you, how many games do you expect 
your opponent to win? 

Most people wou ld instinctively reply 'two games' and would 

argue that an opponent who wins, on avera ge, _!_of the games, 
1 5 

can ex pect to be succe ss ful in - of the ten games played. 
1 5 

Hence- x 10 = 2. 
5 

In general, if X ~ B(n, p), then the m ea n of X is given by 

X - B(20, 0.3) 

0, I, 2, 3, 4, 5,!6, ... , 20 

For seven or more successes 
0, I, ... , 5, 6,17, 8, ... , 20 

X :::; 6 7 or more 

Clearly 
0, I, 2, 3, 4, 5, 6, 7, ... 

X :::; 5 
X :::; 6 

Consider this · 

In this example, X - B( I 0, t>· 

I 
Mean = p.. = - X I 0 = 2 

5 

The proof for the results for the 
mean and the variance are not 
required but you should be able 
to quote the results which are 
given in the AQA formulae book. 



The va riance of X is given by 

Variance = cr = np( I - p) 

h . I h . . I 4 In t IS examp e, t e va nance IS 10 X- X-= 1.6. 
5 5 

Worked example 4.8 
A bia sed die is thrown 300 times and the number of sixes 
obtai ned is 80. If thi s die is then thrown a furth er 12 times, find: 

(a) the probability that a six wi ll occur exactl y twice, 

(b) the mea n number of sixes, 

(c) the variance of the number of sixes . 

Solution 
( ) Th b b., . h . . b . d . 80 4 a e pro a 1 1ty t at a s1x IS o tame IS 

300 
= ]s· 

The binomial model in thi s case is X ~ s( 12, t
5

} 

so P(X = 2) = C~)( ~ Y(-H-) 10 

= 0.2 11. 

4 
(b) Mea n = np = 12 x - = 3.2. 

15 

(c) Variance = np( I - p) = 12 X __±__ x _!__!_ = 2.347. 
15 15 

Worked example 4. 9 
A group of 50 pensioners are a ll given a flu vacci na ti on a t their 
doctor's surge ry. The proba bility that any one of thi s group wi ll 
actuall y catch flu after thi s vacc ination is known to be 0.1. 

Find the di stribution of X, the number of pensioners ca tching 
flu , and find the mean number and the va riance of the number 
who ca tch flu . 

Solution 
The di stribution is clea rl y binomial wi th n = 50 and p = 0.1. 

So x ~ B(50, 0.1) . 

The mea n number from the vaccinated group who will ca tch 
flu == n X p = 50 X 0.1 = 5. 

The variance of the number catchin g flu = n X p X (I - p) 
= 50 X 0.1 X 0.9 = 4.5. 
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The standard deviation is 
obtained by taking the square 
root of the variance. 

In this case, u = ru = 1.265. 

Since the die is biased p has to 
be estimated from the data. 

I 



EXERCISE 4C 

l Component s produ ced in a fa ctory a re tes ted in batches o f 
20 . The proportion of component s w hich arc faulty is 0.2 . 
Find the probability that a ra nd oml y chosen batch has : 

(a ) three or fewer fau lty components, 

(b) less than three fau lty components, 

(c ) more than one faulty compo nent. 

2 A biased die, w here th e probability of a six showing is 2, is 
thrown eight times . Find th e probability th at: 5 

(a ) a six shows fewer than three times, 

(b) a six shows at leas t tw ice, 

(c) no sixes show. 

3 A group of 25 school pupils are asked to w rite an essay for a 
GCSE project. They each ind ependently choose a subject at 
rand om from a selection of fi ve . One o f the choices avai lable 
is to w rite a horror sto ry. Find th e probability that, out o f 
thi s group, 

(a ) more than five write a horror sto ry, 

(b) at leas t six write a horror story, 

(c ) less than four write a ho rror story. 

4 A cas hier at a cinem a has to calculate and balance the 
tak ings each evening. The probability that the cas hier w ill 
make a mi stake is 0 .3. The manager of the cinema w ishes to 
monitor the accuracy o f the ca lcu lations over a 25-day 
working month. Find the probability that the cas hi er makes: 

(a) fewer than five mista kes, 

(b) no m ore than e ight mi sta kes, 

(c) more than three mistakes . 

5 A m anufa cturer of w ine glasses sell s them in presen ta tion 
boxes of 20 . Ra nd om samples show th at three in every 
hundred of th ese glasses are defective. Find the probability 
th a t a rand omly chosen box conta in s: 

(a ) no defec tive glasses, 

(b) at leas t two defec tive gla sses, 

(c ) fewer than three defective glasses, 

(d) exactly one defec tive glass. 



6 The probability that a certain type of vacu um tube wi ll 
shatter during a thermal shock tes t is 0.15 . What is the 
probabi lity that, if 25 such tubes are tes ted : 

(a) four or more wi ll sha tter, 

(b) no more than five will shatter, 

(c) between five and ten (inclu sive) will shatter? 

7 A resea rcher ca ll s at rand oml y chosen houses in a large city 
and asks the householder whether they wi ll agree to answer 
questions on loca l services. The probability that a householder 
wi ll refu se to answer the ques tions is 0.2. What is the 
probability that, on a day when 12 household s arc visited, 

(a) three or fewer wi ll refu se, 

(b) exactly three will refu se, 

(c) no more than one wi ll refu se, 

(d) at leas t ten will agree to answer? [A] 

8 The organiscr of a schoo l fair ha s orga ni sed raffle tickets to 
be offered to a ll adult s who attend. The probability that an 
adu lt declines to buy a ticket is 0.15 . What is the probability 
that if 40 adu lts attend and arc asked to buy tickets: 

(a) five or fewer wi ll decline, 

(b) exact ly seven will decline, 

(c) between four and ten (inclu sive ) decline, 

(d) 36 or more will agree to buy. [A] 

9 A ga rd ener plants bee troot seeds. The probability of a seed 
not germina ting is 0.35, independently for each seed. 

Find the probability that, in a row of 40 seeds, the number 
not ge rminating is: 

(a) nine or fewe r, 

(b) seven or more, 

(c) equal to the number germinating. [A] 

10 Safety in specto rs carry out checks on the fire res istance of 
offi ce furniture. Twenty per cent of items of furniture 
checked fail the tes t. 

(a) Three randoml y selected pieces of furniture arc tested. 
Find the probability that: 
(i) none of these three items wi ll fail the tes t, 
(ii) exactly one of these three item s wi ll fail the test. 

(b) Twenty pieces of office furniture awaiting tes t include 
exact ly four which will fail. If three of these twenty 
pieces, se lec ted at random, are tes ted, find the 
proba bility that : 
(i) all three wil l pa ss the tes t, 
(ii) exactly two w ill pa ss the tes t. [A] 
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4. 7 The binomial model 
In section 4 .2, the essenti a l e lement s o f the binomi al 
di stribution are outlined . 

Whil st it m ay be cl ea r th a t a situa tion has a fi xed number of 
tria ls and tha t two outcom es only a re in volved, often it can 
be a more difficul t decis ion to ma ke the ass umption th a t the 
probability of each outco me is fi xed a nd that the tria ls a re 
independ ent of each o ther. 

Exa mining situa tions to assess the suitability of the binomial 
m odel is a n importa nt as pec t of thi s topic. 

Worked example 4.1 0 
A m onkey in a cage is rewa rd ed w ith food if it presses a 
button w he n a li ght fl as hes . Say, g ivin g a reason , w he th er it is 
like ly tha t the followin g va ri ab les fo ll ow the binomial 
di s tribution : 

(a) X, the number of tim es tha t the ligh t fl as hes before the 
m onkey is tw ice successful in obta ining the food . 

(b) Y, the number of times tha t the monkey obta in s food by 
the time the light ha s fl ashed 20 times . 

Solution 
(a) In this case, the number of tria ls is clearly n ot fixed as we 

do no t know how m an y times in total the light will need to 
fl ash in ord er for the m onkey to achieve two successes. 
Therefore, it is immediately clear that a binomial m odel is 
not appropria te. 

(b) Here, we clea rly have a fixed value for n, the tota l number 
of trials involved . We have n = 20. However, we ca nnot 
ass ume tha t the proba bili ty of the m onkey press ing the 
button to obta in food w ill rema in constan t. It wo uld seem 
very likely th a t, once the monkey h as made the connection 
be tween the li ght fl ashing, press ing the button and 
obtaining food, it w ill learn th a t a connection ex ists and 
the proba bili ty tha t it w ill press the button in sub sequ ent 
tria ls in ord er to obtain food w ill increase . Therefore, as th e 
probability is not con stant, th e binomial m odel is n ot 
a ppropria te. 

Worked example 4. 11 
For each of th e following ex perim ent s, sta te, giving reason s, 
w hether a binomial distribution is appropriate. 



Experiment 1 

A ba g co ntain s bl ack, w hite a nd red m a rbl es w hi ch a rc 
se lec ted at rand o m , o ne at a tim e, w ith rep lacem ent. Ten 
marbl es are ta ke n out of th e bag and th e co lo ur of eac h marble 
is no ted . 

Experiment 2 

This ex periment is a re pea t o f ex pe rim ent I except th a t th e bag 
conta ins black and white marbl es on ly. 

Experiment 3 

Thi s expe rim ent is a re pea t o f ex pe riment 2 except that th e 
marbl es are not re placed after se lectio n. 

Solution 
In each ex pe riment , the to ta l number o f tria ls is fi xed a t n = 10. 

Experiment l cannot be m ode lled u sin g th e binomial 
distribution beca use the re a re three outcomes (black, w hite 
and red) be in g considered. 

Experiment 2 ha s on ly two outco m es in volved, bl ack o r w hite, 
and the probability of obtaining each outco m e is fi xed because 
the marbles are re placed afte r each trial. Th e trial s a rc 
independ ent o f each other so a binomi a l m od el wo uld be 
suitabl e. 

Experiment 3 ca nnot be m ode lled usin g the binomia l 
di stribution beca use the probability of each o utcom e is not 
constant s ince th e m arbl es a re no t be in g replaced into th e bag 
after each trial. 

Worked example 4. 12 
A consultant w ishes to tes t a new trea tment for a particular sk in 
condition. She asks patients w ho com e to he r clini c suffer in g 
from thi s condition if they a re wi llin g to ta ke pa rt in a tr ia l in 
which th ey wi ll be randoml y allocated to th e s tand a rd trea tm ent 
or to the n ew treatment. She observes th a t the probab ility o f 
such a pa tient agreeing to ta ke pa rt in thi s tri a l is 0 .3. 

(Ass ume througho ut thi s question tha t th e behaviour of any 
Patient is inde pend ent o f th e behavio ur o f a ll o ther patients. ) 

(a) If she a sks 25 pat ients to take pa rt in the tria l, find the 
probability that 

(i) fo ur o r fewer w ill ag ree, 

(ii) exactly s ix wi ll agree, 

(iii) m ore tha n two w ill ag ree. 
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During o ne year, this doctor find s a total of 40 patients who are 
wi llin g to join th e trial. 

There arc man y reaso n s why pati ent s, who have agreed to 
take part in th e trial, ma y withdraw before th e end of th e trial. 
It is found that the probability of a pati ent who rece ives the 
s tandard trea tment w ithdrawing befo re the e nd of th e tria l 
is 0 .14 . 

(b) Out o f the 15 patient s w ho are receivin g th e sta ndard 
trea tme nt, find th e proba bility that no more th a n o ne 
withdraws before th e e nd of the trial. 

Th e probabi lity that a pati ent w ho is receivin g th e new 
trea tment w ithdraws befo re th e e nd of th e trial is 0 .22. 

(c) For each of the followin g cases, state, giving a reason, 
wh e the r or not the binomial di s tribution is likely to provide 
an adequa te mode l fo r the random variable R. 

(i) R is the total number o f patient s (out of 40) 
withdrawing be fo re th e end o f th e trial. 

(ii) R is the total number o f patients asked in o rd e r to 
obtain th e 40 to take part in th e trial. 

Solution 
(a) In thi s case X ~ B(25, 0 .3) and cumu lative binomial tabl es 

can be u sed. 

(i) P( X ::::; 4) is required which is obtained directly from 
th e tables = 0 .0905 . 

(ii) P(X = 6) ca n be eva lu a ted directly as 

( 2 ~) x 0.3 6 x 0 .7 19 = 0 . 1472 (four decimal places ) 

or obtained from the tables by finding 

P( X ::5 6) - P(X ::5 5) = 0.3407 - 0 .1935 

(iii) P(X > 2) = 1 - P(X ::5 2) 

= 0 . 1472. 

= I - 0.009 (from tabl es ) 
= 0 .99 1. 

(b) In thi s case X ~ B( 15, 0.14) and we require P(X ::::; 1 ). 

We do not haven = 15 and p = 0.14 avai lable in th e tabl es 
and so mu st eva lu a te P(X = 0) + P(X = I) 

= C~) X 0. 14° X 0 .86 15 + C~) X 0 .14 1 
X 0 .86 14 

= 0 . 1041 + 0.2542 

= 0 .358 

0,1, 2, 3, 4, 5, . 7, 8, ... 
X ::55 

X ::5 6 

0,1, 2,13. 4, 5, ... 
more than 2 

X::52 



(c) (i) Binomial w ill not be a suitabl e m odel for R as p is not 
con stant. The probability o f a pa tient w ithdrawin g is 
0.14 if th ey received th e sta nd a rd trea tment a nd 0.22 
if they a re on the new trea tment. 

(ii) Binomial w ill no t be a suitable m odel for R as n is n ot 
fi xed . We ha ve no idea how many patients in to ta l 
may need to be as ked. 

EXERCISE 40 

1 A tour opera tor orga ni ses a trip for cricke t enthu sias ts to the 
Ca ribbea n in March . The package includes a t icket for a 
one-day Intern a ti ona l in J a m a ica. Places on the tour mu st be 
booked in adva nce. From pas t ex pe rience, the tour ope rator 
kn ows tha t th e probability of a pe rson who has boo ked a 
place sub sequently w ithdrawin g is 0.08 and is independ ent of 
other w ithdrawal s. 

(a) Twenty people book pl aces. Find the proba bility th a t : 
(i) none w ithdraw, 
(ii) two o r m ore w ithdraw, 
(iii) exactl y two withdraw. 

(b) The tour ope ra tor acce pts 22 bookin gs but has only 20 
ticke ts avail able for the one-d ay Inte rna tiona l. Wh a t is 
the proba bility that he will be able to provide tickets for 
everyone w ho goes on tour? [A) 

2 The orga ni ser of a fund ra isin g eve nt for a sports club find s 
that th e proba bility o f a pe rson w ho is asked to bu y a raffl e 
ticke t refu sin g is 0 .15. 

(a) Wha t is th e proba bility that, if 40 people a re asked to 
buy raffle ticke ts: 
(i) fi ve or fewer w ill re fu se, 
(ii) exactl y seven w ill refuse, 
(iii) m ore tha n four w ill refuse. 

The club a lso own s a frui t m achine fo r the use o f members. 
Insertin g a 20p coin ena bles a m ember o f the club to a ttempt 
to w in a prize. The proba bility o f w inning a prize is a con sta nt 
0.2. 

(b) Find the proba bility tha t a m ember, w ho has 25 a ttempts 
a t w inning on thi s m achin e, ga in s: 
(i) three or m ore p rizes, 
(ii) no m ore tha n fi ve prizes. 

Anoth e r m e mber of th e club as ks people to pay £ 1 to ente r a 
gam e of cha nce . She continues to as k until 50 people have 
agreed to pa rticipa te. 

(c) X is the number of people she as ks be fo re obta ining the 
50 pa rticipa nts. Say, givin g a reason w hethe r it is like ly 
tha t X w ill fo ll ow a binomia l di s tribu t io n . [A] 
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3 An examination consists of 25 multiple choice ques tion s each 
with five alternatives on ly one of which is correct and 
a ll oca ted one mark . 

(a) No marks are subtracted for incorrect answers. For a 
candidate who guesses the answers to a ll 25 ques tion s, 
find : 
(i) the probability of obtaining at most eight marks, 
(ii) the probability of obtaining more than 12 marks, 
(iii) the probability of obtaining exactly ten marks. 

(b) It is decided to subtract one mark for each incorrect 
answer and to award four marks for each correct answer. 
Find the m ea n mark : 
(i) for a candidate who guesses a ll the answers, 
(ii) for a candidate whose chance of correctly answering 

each ques tion is 0.8. [A] 

4 A railway company employs a large number of drivers. During 
a dispute over sa fety procedures, the drivers consider taking 
strike ac tion. 

Early in the dispute, a polling organisation asks a random 
sa mple of 20 o f the drivers employed by the company 
whether th ey are in favour of strike action. 

(a) If the probability of a driver an swering 'yes' is 0.4 and is 
independ ent of th e answers of the other drivers, find the 
probability that ten or more drivers answer 'yes'. 

Later in the di spute, the probability of a driver answering 'yes' 
ri ses to 0 .6. 

(b) If the polling organisation asks the sam e qu es tion to a 
second random sample of 20 drivers, find the probability 
that ten or more drivers an swer 'yes'. 

A union m ee ting is now ca lled and attended by 20 drivers. At 
th e end of the meetin g, those drivers in favour of strike action 
are a sked to rai se their hand s. 

(c) Give two reason s why the probability di stribution you 
':J Sed in (b) is unlikely to be suitable for de termining the 
probability that ten or more of these 20 drivers rai se 
their hand s. [A] 

5 Siballi is a stud ent who travels to and from university by bu s. 
He believes that the probability of having to wait more than 
six minutes to ca tch a bu s is 0.4 and is independent of the 
time of day and direction of travel. 

(a) Assuming that Siballi 's beliefs are correct, find the 
probability that, during a particular week when he 
catches ten bu ses, the number of times he h as to wait 
m ore than six minutes is: 



(i) three o r fewer, 

(ii) m ore than four. 

(b) Ass umin g th a t Siba lli 's be lie fs a re co rrec t, ca lculate 
va lu es for th e m ea n and standard deviati on o f the 
number of times he has to wait m o re th a n six minutes 
to ca tch a bu s in a week w he n he ca tches ten buses. 

(c) During a thirteen week period, th e numbers of times 
(out o f ten) he had to wa it m ore than six minutes to 
ca tch a bus were as fo llows: 

(i) 

4 8 8 9 3 2 2 7 0 5 2 0 

Ca lculate the m ean and sta nd a rd d evia ti on of these 
data . 

(ii) State, g iving reasons, w he th er yo ur answers to 
(c)(i) support Siba lli 's be liefs that the probability o f 
having to wait m ore than s ix minutes to ca tch a bus 
is 0.4 and is inde pend ent of the time of d ay and 
direc tion of tra ve l. [A] 

6 Dw ight, a cle ri ca l worker, is employed by a bene fit s agency to 
ca lculate th e weekly pa ym ent s due to un employed adults 
claiming bene fit. These payments va ry accordin g to personal 
circumstances. During the fir st week o f hi s employm e nt, th e 
probabi li ty that he calcul a tes a payment incorrect ly is 0.25 for 
each payment. 

(a) Given th a t Dwight ca lcul ates 40 payments during his 
fir s t week of employm ent, find th e probabi lity that: 

(i) fi ve o r fewer are inco rrect, 

(ii) m ore than 30 a re correct. 

(b) The rando m va riabl e, R, represents the number o f 
payments he calculates until a tota l of ten have been 
ca rri ed out correc tl y. State, g ivi n g a reason, w he th er the 
binomial di s tribution is an appropriate m ode l fo r R. 

(c) A rand om sa mple o f 40 paym ent s is taken from th ose 
ca lculated by Dw ight during hi s fir st year of 
empl oy m ent. Give a reason w hy a binomia l distribution 
may no t provid e a suita ble m ode l fo r th e numbe r o f 
incorrect pa ym ents in th e sa mpl e. 
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Key point summary 

The binomial distribution ca n onl y be used to model p59 
situation s in which certain conditions ex ist. These 
conditions are: 

• a fi xed number of tri als, 

• two poss ible outcomes onl y a t each trial, 

• fi xed probabilities for each outcome, 

• trials independent of each other. 

2 The parameters invo lved in describing a binomial p60 
di stribution are n and p , where n represents the 
number of trial s and p represent s the probability of 
a success. 

Thi s is written X - B(n, p ). 

3 The formula for eva luating a binomial proba bility p64 
of x successes out of n trials when the probability 
of a success is p is 

P(X=x) =(:) x v x ( I -p )ln - x) 

where(:} which ca n also be written as 11 Cx is found 

on most calculators. 

It can al so be found from Pascal 's tri angle or from 
the definiti on 

n ! 

x! (n - x )! 

4 Cumulative binomial tabl es can be used for 
evalua ting binomial probabilities of the type 
P(X ::::; x ) for certain values of n and p. 

Use these tabl es if you can as it will save a lot 
of time. 

Remember to choose p ::::; 0.5 

p66 

5 The mean and va riance of the binomial 
di stribution are given by 

pp68, 69 

Mea n = np 

and 

Vari ance = np( I - p ). 
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Test yourself What to review 

1 Teenage girls are known to declare a fear of snakes with 
probability 0.4. 

If a group of four teenage girls are chosen at random from a 
large school, what is the probability that exactly two of them 
will be afraid of snakes? 

2 A recent survey suggested that the proportion of 14-year-old 
boys who never consider their health when deciding what to 
ea t is 0.2. What is th e probability that, in a random sa mple of 
20 14-year-old boys, the number who never consider th eir 
hea lth is 

(a) exactly three, 

(b) exactly two? 

3 Among the blood cell s of a particular animal species, it is 
known that the proportion of ce ll s of type a is 0.4. 

In a sample of 30 blood cel ls from thi s spec ies, find the 
probability that : 

(a) ten or fewer are of type a, 

(b) at most eight are of type a, 

(c) less than 15 are of type a. 

Section 4.4 

Section 4.5 

Section 4.5 

4 A market research company carried out extensive resea rch into Section 4.5 
whether people be lieved in astrologica l prediction s. It was 
found that the probability a person se lected at random did 
beli eve in such prediction s was 0.3. 

Out of a group of 15 randomly selected people, what is th e 
probability that : 

(a) more than four be lieved, 

(b) at leas t s ix be li eved, 

(c) two or more be lieved? 

5 A nationwide survey di scovered that 3% of the population 
be lieved that infant s should be fed on ly on organic produce. 

A group of 12 mothers, four of whom were se lec ted from 
members at a health club and th e remaining eight from 
customers at a large supermarket, were invited to a m ee ting 
and asked to rai se th eir hand if they fe lt that infants should 
be fed on ly on organic produce. Give two reason s, why the 
number raising th eir hand s should not be mod ell ed us ing a 
binomial di stribution. 

Section 4. 7 
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Test yourself (continued) 

6 In a manufacturing process, it is o bserved that 8% of the rods 
produced do not conform to the required specifica ti ons. 

A sa mple of 40 components is taken at random fro m a large 
batch. What is the mean number of components not 
conforming in thi s sa mple and a lso, what is the variance? 

7 A ca r repa ir firm ha s eig ht enqu iries fo r estimates one day. 
Over many years, the manager ha s found that the probabi lity 
that any es timate will be accepted is 0.15. Calcu la te the 
probability that, out of the eight estimates given : 

(a) exactly two wi ll be accepted, 

(b) more than ha lf wi ll be re fu sed. 

Write down th e mea n and standard deviation of the number 
accepted. 

Test yourself ANSWERS 

·a 1 o· 1 = ~1ro x ~ 1·o x g \ = x JO uo!li?!"JP pJepmns 

·;::· 1 = ~ 1·0 X 8 =X JO UI?J W 

·nL6·o = (£ :> X )d (q) 

~9L£c:·o = ;::g9·o - 8v6s·o = ( 1 > X )d - (;:: > X)d = (;:: = X)d (e) 

·(~ l·o 'S )8 - x L 

·vv6·c: = c:6·o x so·o x ov = JJuepe" 

T£ = so·o x ov = ueJw 9 

·pJlOA 
J idOJd JJ410 AI?M JLil t\q pJJ UJI1UUJ Jq 111M J idOJd se 'lUJpuJdJIJU! 
lOU JJI? S!I?!Jl J41 11?41 ueJw PII10M spue4 JO M04S v ·lJ:>IJI?LLJJJdns 

J4 111? JJMOI pue qnp 4liPJ4 J4l 11? 48!4 J q AiqPqoJd II! M d JO J I1 II?A JLil ~ 

·Lv96·o = £~£0·0 - I = (I > V)d - I = (;:: <': V)d (;>) 

~vga·o = 9 1U"O - I = (~ > V)d - I = (9 <': V)d (q) 

~~vsv·o = ~~ 1 ~·o - 1 = (v > V)d - 1 = (v < V)d (e) 

·sJ iq PJ Jsn ( r·o '~ 1 )8 - v 17 

·9vcs·o = (vi > X)d = (~I > X )d (;>) 

~Ov6o·o = (g > X)d (q) 

~~16c·o = (O I >X)d (e) 

·qiqPJ Jsn (-v·o '0£)8 - x £ 

·69£ 1·o = (C: =X)d (q) 

~£~oc:·o = ( £ = X)d (e) 

·sJ ,qeJ Jsn (;::·o 'OC:)8 - x z 

·9-vr·o = , (9·o) , (v·o)(~)= (;:: =X)d 

'(v· o 'v)8 -x 

What to review 

Section 4.6 

Sections 4.5 and 4.6 



Learning objectives 
After studying thi s chapter, you shou ld be able to : 
• use tables to find probabil ities from any norma l di stribution 
• u se tables of percentage points of th e norma l distribution 
• understand what is m eant by the di stribution of the sample mea n 
• find probabiliti es involving sa mpl e mea ns. 

5.1 Continuous distributions 
In th e previou s chapter you have studied a d iscre te probability 
distribution where the possible outcomes can be listed and a 
probability associated with each . For continuous variab les such 
as he ight, weight or di stance it is not poss ibl e to li st all th e 
poss ib le outcomes. In thi s case probabi lity is represented by the 
area und er a curve (ca ll ed th e probability den sity fun ct ion) . 

Probability 
density 

The probab il ity that an observation, selec ted at random from th e 
distribution, lies be tween I and 2 is represented by the shad ed 
area . Note that the probability that an observation from a 
continuous di stribution is exactly equal to 2 (or any other va lue) 
is zero. 

There are two condition s for a curve to be used as a probability 
den sity function : 

• 
• 

the tota l area under the curve mu st be 1 . 

the curve mu st not take nega tive va lues, that is, it mu st not 
go below th e horizonta l axis. 
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5.2 The normal distribution 
Many continuous variables, w hich occur naturall y, ha ve a 
probability density function like thi s. 

This is ca lled a normal di stribu tion . It ha s a high probability 
den sity close to th e m ea n and thi s decreases as you m ove away 
from th e mea n . 

The main feature s of normal di stribution are that it is: 

~ • be ll shaped 

• symme trical (about the m ean) 

• the tota l area und er the curve is I (as w ith al l 
probability dens ity fun cti ons ). 

Exa mples of variables which are likely to fo llow a normal 
di stribution are th e height s of adu lt femal es in the United 
Kin gdom, the lengths of leaves from oak trees, the widths of 
ca r doors comin g off a production line and th e times take n by 
12-yea r-old boys to run I 00 m. 

5.3 The standard normal 
distribution 

Norma l di s tributions may ha ve a ny m ean and any standard 
deviation. The normal di s tribu t io n with m ea n 0 and 
standard deviation I is ca ll ed th e standard normal 
distribution. 

The eq uation o f th e probability dens ity fun ction (p.d.f.) is 

l z· 
f( z ) = . ~ e - 2 for -x < z < '.XJ. 

V27T 

Finding areas und er thi s curve wo uld involve some very difficult 
integration . Fortunately thi s ha s been don e for you and th e 
res ults ta bulated. The tables a re in th e Appendix and an ex tract 
is shown in the next sect ion . 

Z is, by convention, used to 
denote the standard normal 
variable. 

AQA Formulae Book, Table 3. 
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5.4 The normal distribution function 
The ta ble gives the probability, p, that a norma lly di stri buted 
random variable Z, with mea n = 0 and variance= I, is less than 
or equa l to z. 

z 0.00 0 .01 0.02 0.03 0.04 0 .05 

0.06 
row 

0.06 

z is used to denote a particular 
value of Z. You will not be 
penalised for failing to distinguish 
between z and Z. 

0 .07 0.08 0.09 
1.3 

row 1.2 0.88493 0.88688 0.88877 0.89065 0.8925 1 0.89435 0.896 17 0.89796 0.89973 0.90 147 1.2 - 1.3 0.90320 0.90490 0.90658 0.90824 0.90988 0.9 11 49 [0.9 1309[ 0.91466 0 .9 162 1 0 .9 1774 1.3 

1.4 0.91924 0.92073 0 .92220 0.92364 0.92507 0.92647 0.92785 0.92922 0.93056 0.93 189 1.4 

1. 5 0.93319 0.93448 0.93574 0 .93699 0.93822 0.93943 0.94062 0.94179 0.94295 0.94408 1.5 

1.6 0.94520 0.94630 0.94738 0.94845 0 .94950 0 .95053 0.95 154 0.95254 0.95352 0 .95449 1.6 

Lh 
0 z 

As the d iagram above shows, the area to the left of a particular 
va lue of z is tab ul ated. Th is represents the probabi lity, p, that 
an observation, se lected at random from a standard norma l 
di stribut ion (i. e. mea n 0, standard deviat ion I) , wi ll be less 
than z. 

To use these tab les for pos it ive va lues of z, say 1.36, take the 
di gits before and a fter the decima l point a nd locate the 
appropriate row of the tab le - in thi s case the row, where z is 1.3 
(see diagram in the margin) . Then look along thi s row to find 
the probabi lity in the column headed 0.06. Thi s gives 0 .9 13 09 
mea ning tha t the probab ili ty that an observation from a 
standard norma l di stribution is less than 1.36 is 0 .913 09 . 

If the z-va lue is given to more than two decimal places, say 
0.468, the appropriate va lue of p wi ll li e between 0.677 24 
(the va lue for z = 0.46) and 0.680 82 (the va lue for z = 0.47). An 
exact va lue could be estimated using interpolation . Howeve r, it 
is eas ier and perfectly acceptable to round the z to 0.47 and then 
use the tab les . 

EXERCISE SA 
Find the probabi lity that an obse rva ti on from a standard normal 
di stribut ion wi ll be less than: 

(a) 1.23, (b) 0 .97, 

(f) 1.57, (g ) 1.94, 

(c) 1.85, (d) 0.42, (e ) 0.09, 

(h) 0.603, (i) 2.358, (j) 1.05 3 79. 

The probability of an observation 
< z is the same as the probability 
of an observation ~ z. 

1.36 

We will never need a final 
answer correct to five significant 
figures but if this is an 
intermediate stage of a 
calculation as many figures as 
possible should be kept. 
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Probability greater than z 

The probability of a valu e greater than 1.36 is represented by the 
area to the right of 1.36. Use the fact that the total area und er 
the curve is l. 

In this case P( z > 1.36) = I - 0.913 09 = 0.0869. 

EXERCISE 58 

I Find the probability that an observat ion from a standard 
normal di st ribution wi ll be greater than : 

(a) 1.36, (b) 0.58, (c) 1.23, (d) 0.86, 

(e) 0.32, (f) 1.94, (g) 2.37, (h) 0.652, 

(i) 0.087, (j) 1.3486. 

Negative values of z 

Negative va lues of z are not included in the tables. This is 
because we can use the fact that the normal di stribution is 
symmetrical to derive them from th e positive va lues. 

For example, P( z < - 1.52) = P( z > 1. 52) 

P( z < - 1.52) = 1 - 0.935 74 = 0.064 26 

Simi larly, P(z > - 0.59) = P( z < 0.59 ) = 0.722 40. 

EXERCISE SC 

I Find the probability that an observation from a standard 
normal di stribution will be: 

(a) less than - 1.39, 

(b) less than - 0.58, 

(c) more than - 1.09, 

(d) more than - 0.47, 

(e) less than or equal to - 0.45, 

(f) grea ter than or eq ual to -0.32, 

(g) less than - 0.64, 

(h) -0.85 1 or grea ter, 

(i) more than - 0.747, 

(j) less than - 0.4398. 

/?291309 
1.36 



5.5 Probability between z-values 
To find th e probability that z lies be tween two values we may 
ha ve to use both symmetry and th e fact that the total a rea 
und er th e curve is I . It is essen tial to draw a dia gram. 
Remember that the m ean of a standa rd normal di stributi on is 0 
and so pos itive va lues are to th e ri ght of the mode and nega tive 
va lues to the le ft. The following three exa mples cover the 
different poss ibilities . 

• P(0.6 < z < 1.2 ) 

We req uire: 

(a rea to left of 1.2 ) - (a rea to left of0 .6 ) 

= 0.884 93 - 0.725 75 

= 0.159 

• P( - 2. 1 < z < - 1.7) 

Here the z-va lues are nega tive, and so a lthough we could st ill 
use a reas to th e left of z it is eas ier to use: 

(area ri ght of -2. 1) - (a rea righ t of - 1.7) 

= 0.982 14 - 0.95 5 43 

= 0.0267 

• P( - 0.8 < z < 1.4) 

We require: 

(a rea left of 1.4) - (a rea le ft of - 0.8) 

= 0.9 19 24 - (I - 0.788 14 ) 

= 0.707 

EXERCISE SD 
1 Find th e probability that an obse rva ti on from a stand a rd 

norm al di stribution w ill be between : 

(a) 0.2 a nd 0.8, 

(b) - 1.25 and - 0.84, 

(c) - 0.7 and 0.7, 

(d) - 1.2 and 2.4, 

(e) 0.76 and 1.22, 

(f) - 3 a nd -2, 

(g) - 1.27 and 2.33, 

(h) 0.44 and 0.45, 

(i) - 1.2379 and - 0.8888, 

(j) - 2.3476 and 1.9987. 
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mode= mean 

I 

0 

I 
- 2. 1 - 1.7 
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5.6 Standardising a normal variable 
The win gs pan s of a population o f bird s are n ormally di s tributed 
with m ea n 14.1 em and sta nd a rd devia ti on 1. 7 em . We may be 
asked to ca lculate the proba bility that a randomly selec ted bird 
ha s a w ings pan less than 17.0 em . Tables of the n ormal 
di stribution w ith m ea n 14. 1 and sta nd ard d evia tion 1.7 do n o t 
ex ist. However, we ca n u se tables of the s ta ndard n orma l 
di stribution by fir st stand a rdi sing the va lu e of inte res t. Tha t is, 
we ex press it as sta nd a rd d evia tion s from the m ea n . 

For exa mple, fo r a n o rma l di stribution w ith m ea n 50 em and 
stand a rd deviation 5 em , a va lu e of 60 em is: 

60 - 50 = 10 em from th e m ea n . 

To ex press this as standard devia tions from th e m ea n we divid e 
by 5 em . 

_!_Q_ = 2 
5 

Thi s is th e standardi sed or z-sco re of 60 em . 

For a va lue, x, from a n ormal di s tribution w ith m ea n J.L a nd 
standard deviation u , 

z=~ 
u 

For th e dis tribution with m ea n 50 em, s tand a rd deviation 5 em, 

th e z-score of 4 7 em is (
47

-
50

) = - 0 .6. Note the importa n ce 
5 

of the sign whi ch te ll s us wh e th e r th e va lu e is to th e left o r the 
ri ght of th e m ea n . 

EXERCISE SE 
I A n ormal di stribution ha s mea n 40 em and s tand a rd devia tion 

5 em . Find th e sta ndardi sed va lues of: 

(a) 4 7 em , 

(e) 50.5 cm . 

(b) 4 3 em , (c) 36cm , (d) 32cm , 

2 A norma l di s tribution ha s mean 36.3 s and sta ndard devia ti on 
4 .6 s. F ind the z-scores of: 

(a) 39.3 s, (b) 30 .0 s, (c) 42.5 s, (d) 28.0 s. 

3 The w ings pans of a popula tion of bird s a re a pprox ima te ly 
n orm a ll y di stributed w ith mean 18. 1 em a nd sta nd a rd 
deviation 1.8 em . Find s ta ndardi sed va lu es of: 

(a) 20 .2cm , (b) 17.8cm, (c) 19.3cm , (d) 16.0 cm . 

- 0.6 0 z 



5. 7 Probabilities from a normal 
distribution 

To find the probability that a bird randomly selected from a 
popu lation with mean wings pan 14 .1 em and standard deviati on 
1.7 em, has a wings pan less than 17 em, fir st ca lcu late the z-score: 

z = ( 17 - 14.1 ) = I. 71 
1. 7 

Now enter the tables at 1.7 1. 

We find that the probability of a wingspan less than 17 em is 0.956. 

Worked example 5. I 
The ches t measurements of adu lt male customers forT-shirts may 
be modelled by a normal di stribution with mea n 10 1 em and 
standard deviation 5 em. Find the probability that a randomly 
selected customer will have a chest measurement which is: 

(a) less than 103 em, 

(b) 98 em or more, 

(c) between 95 em and 100 em, 

(d) betwee n 90 em and 110 em. 

Solution 

(a) z= ( l03- IOI ) = 0.4, 
5 

probability less than 103 em is 0 .655; 

(b) z= (98 - 101 ) = - o.6, 
5 

probability 98 em or more is 0.726; 

( ( 95 - I 0 I ) 
c) z1 = 

5 
= - 1.2, 

(d) 

22
= ( 100 - 101 ) = - 0 .2, 

5 
probab ili ty betwee n 95 em and I 00 em is 
0.884 93 - 0 .579 26 = 0 .306; 

(90 - 10 1) -z1 = 
5 

- - 2 .2, 

( 11 0 - 10 1) 
z2 = 

5 
= 1.8, 

proba bi lity between 90 em and I 0 I em is 
0.964 07 - ( I - 0.986 10 ) = 0.95 0 . 
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Some students wonder whether 
less than 17 em really means less 
than 16.5 em. Don't. Just use the 
value given. Otherwise you 
would also have to say that the 
standard deviation is between 
1.65 and 1.75 em and the 
calculation becomes impossible 
to carry out. 

1.7 1 

Some calculators will find these 
probabilities directly. However, 
no correctly available calculator 
will answer questions such as 
worked examples 5.3, 5.4, and 
5.5. It is still necessary to know 
how to standardise variables and 
to use tables. 

0 .4 

- 0.6 

- 1.2 - 0.2 

~ 1 - 0.= 

- 2.2 1.8 

I 
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EXERCISE SF 

(In thi s exercise give the answers correct to three significant 
fi gures or to the accura cy found from ta bles if thi s is less than 
three signifi cant figures.) 

I A var iab le is norma lly distributed with a mea n o f 19.6 em and 
a stand a rd devia tion of 1.9 em . Find the probability that an 
item chosen at rand om from thi s di stribution w ill have a 
meas urement : 

(a) less than 20.4 em , 

(b) more than 22.0 em, 

(c ) 17.5 em or less, 

(d) 22.6 em or less, 

(e ) be tween 19.0 and 2 l.O cm , 

(f ) between 20.5 em and 22.5 em . 

2 The weights of a ce rtain an imal a re approximately norma lly 
di stributed with a m ea n of 36.4 kg and a stand a rd devia tion 
of 4 .7 kg . Find the proba bility tha t when one of these animal s 
is chosen a t rand om it w ill have a we ight : 

(a) 40.0 kg or less, 

(b) between 32.0 kg and 41.0 kg, 

(c ) more than 45.0 kg, 

(d) less th an 28.0 kg, 

(e ) 30.0 kg or more, 

( f ) between 30.0 kg and 35.0 kg. 

3 The weights of the contents of jars of jam packed by a 
machine are approxima tely normall y di stributed with a mea n 
of 460.0 g and a standard deviation of 14.5 g. A jar of jam is 
selected a t random . Find the probability that its contents w ill 
weigh : 

(a) less than 450 g, 

(b) 4 70.0 g or less, 

(c) be tween 440.0 and 480.0 g, 

(d) 475 g or m ore, 

(e) m ore than 454 g, 

(f) between 450 g a nd 475 g. 
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4 The lengths of leaves from a particular plant are approxima tely 
normally distributed with a m ean of 28.4 em and a stand ard 
deviation of 2.6 em . When a lea f is chosen a t rand om wha t is 
the probability its length is: 

(a) between 25.0 em and 30.0 em, 

(b) more than 32 .0 em, 

(c) less than 24 .0 em, 

(d) 27.0 em or more, 

(e) 26.0 em or less, 

(f) between 24.0 em and 28.0 em ? 

5 The volumes of the di scharges made by a drink di spensing 
machine into cups is approx ima tely normally di stributed with 
a mean of 465.0 cm 3 and a standard deviation of 6.8 cm 3 . 

When th e volume of the contents of a cup chose n at rand om 
from this machine is measured w ha t is the probability that it 
will be: 

(a) 470 cm 3 or more, 

(b) less tha n 458.0 cm 3, 

(c) between 455 .0 cm 3 and 475.0 cm 3? 

5.8 Percentage points of the normal 
distribution 

Thi s is an alternative way of tabulating the sta nd ard normal 
distribution . The z-score for a given probability, p, is ta bulated . 

The table gives the valu es of z sati sfying P( Z ~ z) = p, where Z is 
the normally di stributed random va riabl e w ith mea n = 0 and 
va riance = I . 

0 z 

0.00 AQA Formulae Book, Table 4. 

0.9 
row -

p 

0.5 

0.6 

0 .7 

0.8 

0.9 

column 

0.00 0.01 

0.0000 0.025 1 

0.2533 0.2793 

0.5244 0.5534 

0.84 16 0.8779 

~ 1.3408 

0 .02 0.03 0 .04 0.05 0.06 

0.0502 0.0753 0 .1004 0. 1257 0.15 10 

0.3055 0.33 19 0 .3585 0.3853 0.4 125 

0.5828 0.6 128 0 .64 33 0.674 5 0.7063 

0.9 154 0.9542 0.9945 1.0364 1.0803 

1.405 1 1.4758 1. 5548 1. 6449 1. 7507 

If we require the z-score which exceeds 0 .9, or 90%, of the 
normal di stribution, we would locate the row 0.9 and then take 
the entry in the column 0.00. Thi s gives a z- score of 1.28 16. 

0.07 0.08 0.09 

0.1764 0.20 19 0.2275 0.5 

0.4399 0.4677 0.4958 0.6 

0.7388 0.7722 0.8064 0.7 

1.1264 1.1750 1.2265 0.8 

1.8808 2.0537 2.3263 0 .9 

0.9 

LL 
1.28 16 

I 
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Values of p less than 0.5 arc no t tabulated . To find the z-sco re 
which exceeds 0 .05, or 5%, of the di stribution, we need to use 
symmetry. The z-score will clearly be n egative but will be of the 
sa me ma gnitude as th e z-score w hich exceed s 1 - 0.05 = 0 .95 o f 
the di stribution . Thu s, th e req uired va lue is - 1.6449. 

We often require to find the z-scores which are symmetri ca l 
about the m ea n and conta in 95% of the di stribution . The two 
tail s will contain 5% in to tal. They wi ll therefore co nta in 

2 = 2.5% each . The upper z-score will exceed 100 - 2.5 = 97.5% 
2 
of the distribution . Entering the table at 0 .975 we find a z-score 
of 1.96. The lower z-score is, by symmetry, - 1. 96. 

p 0.00 0 .01 0.02 0.03 0 .04 

0.95 1.6449 1. 6546 1. 6646 1. 6747 1.6849 

0 .96 1.7507 1. 7624 1. 7744 1.7866 I. 7991 - 0.97 1.8808 1.8957 1.9 11 0 1.9268 1.943 1 

0 .98 2.0537 2.0749 2.0969 2. 120 I 2. 1444 

0 .99 2.3263 2.3656 2.4089 2.4573 2.5 12 1 

EXERCISE 5G 
1 Find the z-score which: 

(a ) is grea te r than 97.5 % of the population, 

(b ) is less than 90% of the popu lation, 

(c ) exceeds 5% of th e popu lation, 

(d) is exceeded by 7. 5% of the population, 

(e ) is grea ter than 2.5% of the di stribution, 

(f) is less than 15% of th e popu lation, 

(g ) exceed s 20% of the di stribution, 

(h) is grea ter than 90% of the distribution, 

(i ) is less than l % of the population . 

0.05 

1.6954 

1.81 19 

I I 96001 

2. 170 1 

2.5758 

0.06 

1.7060 

1.8250 

1.9774 

2. 1973 

2.652 1 

2 Find the z-scores which a re symmetrica l about the mea n and 
contain : 

(a) 90% of the di stribution, 

(b ) 99% of the di stributi on , 

(c ) 99 .8% of the di stribution . 

Applying results to normal distributions 

0.07 

I. 7 169 

1.8384 

1.9954 

2.2252 

2.7478 

0.95 OAt 
- 1.6449 1.6449 

0.08 0.09 

1.7279 1.7392 0 .95 

1.8522 1.8663 0 .96 

2.0 141 2.0335 0 .97 

2.257 1 2.2094 0 .98 

2.8782 3.0902 0 .99 

To a pply th ese res ult s to n ormal di stribu tions, other than the 
stand ard normaL we need to reca ll that z-scores are in units of 
standard devia tion s from the mea n . Thus if x is normally 
distributed with mean fL and standard deviation u, 

X= fL + ZU . 

Note that this is only a 
rearrangement of the formula 
z = (x - JL)Iu. 



Worked example 5 .2 
The w ingspa n s of a population of bird s are normally di stributed 
wit h m ea n 14.1 em an d standard deviation 1. 7 em. Find: 

(a) the w ingspa n w hich w ill exceed 90% of the population, 

(b) the wingspan w hich w ill exceed 20% of the population , 

(c) the limit s of th e centra l 95% of th e w ings pans. 

Solution 
(a) The z-score w hich exceeds 90% of the popul at ion is 1.28 16. 

The va lue required is therefore 1.28 16 sta nd ard deviations 
above the mean, i.e. 

14. 1 + 1.28 16 X 1.7 = 16.3 em. 

(b) The z-score w hi ch w ill exceed 20% of the popu lat ion wi ll be 
exceeded by 80% of th e population . 

z = - 0.8416 

x= 14.1 - 0 .8416 X 1.7= 12.7cm. 

(c) z = ± 1.96 

The centra l 95% of w ings pans are 14.1 ± 1.96 X 1.7, i.e. 

14.1 ± 3.33 or 10.8cm to 17.4cm. 

EXERCISE SH 
1 A large sh oa l of fi sh have lengths w hi ch are norma ll y 

di stributed w ith mean 74 em a nd standard deviation 9 em . 

(a) What le ngth w ill be exceeded by 10% of the shoal? 

(b) What le ngt h will be exceeded by 25% of the shoa l? 

(c) What lengt h wi ll be exceeded by 70% of the shoal? 

(d) What le ngth wi ll exceed 95% of the shoa l? 

(e) Find the limits of the cen tra l 90% of lengths. 

(f) Find th e limits of the centra l 60% of lengths. 

2 Hamburger meat is sold in 1 kg packages. The fat content of 
the packages is found to be normally di st ributed with mea n 
355 g a nd standard deviation 40 g. 

Find the fat content which wi ll be exceeded by: 

(a) 5% of th e packages, 

(b) 35% o f th e packages, 

(c) 50% o f the packages, 

(d) 80% of th e packages, 

(e) 99.9% of the packages. 

(f) Find th e limits of the cent ra l 95% of the contents. 
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3 When Kate telephones for a ta xi, the waiting time is 
normally distributed with mean I8 minutes and standard 
deviation 5 minutes . At what time should sh e telephone for 
a tax i if she wishes to have a probability of: 

(a) 0 .9 that it wi ll arrive before 3.00 p.m ., 

(b) 0.99 that it will arr ive before 3.00 p.m ., 

(c) 0 .999 that it w ill arr ive before 3.00 p.m ., 

(d) 0.2 that it wil l arrive before 3.00 p.m., 

(e) 0 .3 that it will arrive after 3.00 p.m ., 

(f) 0 .8 that it will arrive after 3.00 p.m .? 

Worked example 5.3 
A vending machine di scharges soft drinks . A tota l of 5% of the 
di scharges have a volume of more than 475 cm3, while I% have 
a volume less than 460 cm3. The discharges may be ass umed to 
be normally distributed . Find the mean and standard deviation 
of the di scharges. 

Solution 
5% of z-scores exceed 1.6449. 

Hence, if the mean is J.L and the standard deviation is CT, 

J.L + I .6449CT = 4 75 . 

I% of z-scores are below -2.3263 . 

Hence, 

J.L - 2.3263CT = 460. 

Subtracting equation [2] from equation [ l] gives 

3.97 I2CT = I5 

(T = 3.7772 

Substituting in equation [I] 

J.L + I .6449 X 3.7772 = 475 

J.L = 468.787 

[ 1] 

[2] 

The mea n is 468.79 cm 3 and the standard deviation is 3.78 cm3 . 

Worked example 5.4 
Adult male customers forT- shirts have chest measurements which 
may be modelled by a normal di stribution with mean I01 em and 
standard deviation 5 em. T- shirts to fit customers with chest 
meas urements less than 98 em are classified small. Find the 
median chest measurement of customers requiring small T- shirts. 

- 2.3263 1.6449 



Solution 
First find the proportion o f custome rs requiring small T-shirts. 

z = (98- 101) = -0.6 
5 

Proportion is I - 0.725 75 = 0.274 25. 

The ches t meas urement will be less than the median for half of 
these customers. That is, for, 

0.274 25 
--- = 0.137 125 of all customers. 

2 

The proportion o f customers with ch es t meas urem e nts 
exceedin g the m edian of those req uirin g small T- shirts is 
I - 0.137 125 = 0.862 875. 

The z-score is - I .08. 

Thus, the median is IOI - 1.08 x 5 = 95.6 em . 

5. 9 Modelling data using the normal 
distribution 

Tex tbook s and exa mination questions often use phra ses such as 
'the weights of packs of butter in a supermarke t may be 
modelled by a normal di stribution with m ea n 227 g and 
standard deviation 7.5 g' . 

The word modelled implies that the weights may n ot follow a 
normal di stributio n exactly but that ca lculations which assume 
a normal di stribution wi ll g ive answers which are very close to 
rea lity. For exa mple, if you use the normal di s tributi on to 
calculate the proportion of packs which weigh less than 224 g, 
the answer you obtain wi ll be very close to the proportion of 
packs which actually weigh less than 224 g. 

There are at least two reason s why the word modelled is used 
in this con tex t: 

• We could never obtain sufficient data to prove that the 
weights followed a particular di stribution exactly without the 
small est deviati on in any respect. 

• The theore tical normal di stribution does not have any limit s. 
That is, it would have to be theore tica ll y possible for the 
packs of butter to have any weight, including negative 
weights, to fit a normal di s tribution exact ly. Howeve r, thi s is 
not a practical problem since, for a normal di stribution with 
mean J.L and standard deviation cr, the central: 

68% of the area lies in th e ran ge J.L :±: cr 

95.5% o f the area lies in the range J.L :±: 2cr 

99.7% of th e area lies in the ran ge J.L :±: 3cr 
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0 .2 7425 ~ 
- 0 .6 

Median of ches t measurements 
of customers requiring small 

T- shirt s 
I 
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For exa mple, for the packs of butter we wou ld expect 99 .7% to 
lie in the ran ge 

227 :±: 3 x 7.5 i.e. 204.5 g to 249.5 g. 

It would be theoretica lly possible to find a pack weighing 260 g 
which is we ll outside thi s range. However, this is so unlikely 
that , if we did , it wou ld be sensible to conclud e that the model 
was incorrect. 

EXERCISE 51 
1 Shoe shop sta ff routinely m eas ure th e len gt h of their 

custom ers' feet. Measurements of the length of one foot 
(without shoes) from each of 180 adult male customers 
yielded a mea n length of 29 .2 em and a sta nd a rd deviation of 
1.47 em . 

Given that th e len gths of m ale feet may be m odell ed by a 
normal distribution, a nd m akin g any other necessary 
assumptions, calcu late a n interval within w hich 90% of the 
len gth s of male feet w ill lie. 

2 Consultants employed by a large library reported that th e 
time spent in the libra ry by a u ser could be m odell ed by a 
normal di stribution w ith m ea n 65 minutes a nd standard 
deviation 20 minutes . 

(a) Assuming tha t thi s model is adequate, what is the 
probability that a user spend s: 

(i) less than 90 minutes in the library, 

(ii) between 60 and 90 minutes in the library? 

The library closes at 9.00 p.m . 

(b) Explain why th e model above could not apply to a user 
who entered the library at 8.00 p.m. 

(c) Estimate an approx imate latest time of entry for w hi ch 
the model above could st ill be plausible. [A] 

3 The bar receipts at a rugby club after a home league game 
may be m odelled by a normal di stribution with mean £ 1250 
and sta ndard deviation £210. 

The club treasurer ha s to pay a brewery account of £ 1300 the 
day after the match . 

(a) What is the probability th a t she will be abl e to pay the 
whole of the account from the bar receipts? 



Instead of paying the whole of the account she agrees to pay 
the brewery £x. 

(b) What va lue of x wou ld give a probability of 0.99 that the 
amount could be met from the bar receipts? 

(c) What is the probabi lity that the bar receipts after four 
home league ga mes wi ll all exceed £ 1300? 

(d) Although the normal di stribution may provide an 
adequate model for the bar receipt s, give a reason why it 
cannot provide an exact model. [A] 

5.1 0 Notation 
Many tex tbooks use the notation X - N( JJ-, (]" 2 ) to mean that the 
va ri able X is normall y di st ributed with mea n JJ- and standard 
deviation (T. The symbol (T

2 is the sq uare of the standard 
deviation and, as we have seen ear li er, thi s is ca lled the 
variance. 

The va ri ance is not a natura l measure of spread as it is in 
different units from the raw data . It does, however, have man y 
uses in mathemati ca l stati st ics. We wil l not use it further in thi s 
book but it does appear in later mod ules. 

X - N(27.0, 16.0) means that the va riable X is di stributed with 
mean 27.0 and sta ndard deviation vT6.0 = 4.0. 

5.1 I The central limit theorem 
A bakery makes loaves of bread with a mea n weight of 900 g 
and a sta ndard deviation of 20 g. An inspector selected four 
loaves at random and we ighed them. It is unlikely that the 
mea n weight of the four loaves she chose would be exact ly 
900 g. In fact the mean we ight was 906 g. A second in spector 
then chose four loaves at random and found their mea n we ight 
to be 893 g. There is no limit to how many times a sa mple of 
four can be chosen and the mean weight ca lculated. These 
means will vary and wi ll have a distribution. 

This distribution is known as the distribution of the 
sam ple mean. 
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This is one of the most 
important statistical ideas in this 
book. You may not find it easy to 
grasp at first but you will meet it 
in many different contexts and 
this will help you to understand 
it. 
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If a random sample of size n is taken from an y di stribution 
with mean f.L and standard deviation u then : 

• x, the sample m ea n , will be di stributed with m ea n f.L and 

standard deviation Fn' 
• the di stribution will be approximately normal provided n 

is suffici ently large- the larger the size of n the better 
the approximation . 

The second part of thi s res ult is kn own as the central limit 
theorem. lt enables us to ma ke statements about sa mple 
mea ns without knowing the shape of the di stribution they have 
come from . As a rule of thumb most text books say that th e 
sa mpl e size, n, needs to be at least 30 to a ss ume that the m ea n 
is normally distributed . For the purpose of exam inat ion 
qu es tions it is best to stick to thi s fi gure, however it is 
undoubtedly on the ca utiou s side. How large the sample need s 
to be depend s on how much the distribution varies from the 
normal. For a unimodal di stribution which is somewhat skew 
even sa mples of five or six wi ll give a good approximation. 

If a rand om sample of size 50 is taken from any di stribution 
with m ea n 75.2 kg and standard deviation 8.5 kg then th e m ea n 
will be approximately normally di stributed with mean 75 .2 kg 

and standard deviation .8~ = l.20 kg. 
v50 

If the sa mpl e is of size 100 the mea n wi ll be approximately 
normall y di stributed with m ea n 75.2 kg and standard deviation 

v~·~0 = o.8s kg. 

Distribution 
of sample 

mean 

f As the sample gets larger the standard deviation of the ? sample mean (sometimes ca lled the standard error ) ge ts 
smaller. 

The sample m ean s will be packed tightly around the population 
mean. The larger the samples becom e the tighter the m ea n s w ill 
be packed . This has major implication s for topics which arise 
later, including confidence interval s, hypothesis tes tin g and 
quality control. 

This result is exact. There is no 

approximation. 

If the parent distribution is 
normal, the distribution of the 

sample mean is exactly normal. 



Worked example 5.5 
The weights of pebbles on a beach are distributed with mean 
48.6 g and standard deviation 8.5 g. 

(a) A random sample of 50 pebbles is chosen. Find the 
probability that : 

(i) the mean weight will be less than 49.0 g, 

(ii) the mean weight will be 47.0 g or less. 

(b) Find limits within which the centra l 95% of such sample 
mean s would lie. 

(c) How large a sample would be needed in order that the 
centra l 95% of sample means wou ld lie in an interval of 
width at most 4 g? 

Solution 
(a) The distribution of the pebble weights is unknown but 

since the samples are of size 50 it is safe to use the central 
limit theorem and assume that the sample means are 
approximately normally distributed . This distribution of 
sample means will have mean 48.6 g and standard 

d 0 0 8.5 02 ev1at1on VsO = 1.2 l g. 

(i) We first standardise 49.0 

(49.0 - 48.6 ) 
z = (8.5/VsO ) = 0.333 

Note for the m ean of samples of size n, 

(.X - JL) z= 

(~) 
The probability that the mean is less than 49.0 g is 0.629. 

(ii) z = 
(47.0 - 48.6) 

(~) = - 1.331 

The probability that the mean wi ll be less than 47.0 g is 
l - 0.908 24 = 0.0918. 

(b) The centra l 95% of sa mple means wi ll lie in the 

. I 1.960' 
mterva JL :!::: Vn , 

i.e. 48.6:!::: 1.96 X ~, 

or 46.2 g to 51.0 g. 
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0.33 

Note that we have rounded 
0.333 to 0.33. This is adequate 
but not exact. A more accurate 
result could be found using 
interpolation. 

- 1.331 

- 1.96 1.96 
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(c) As in (b) the central 95% of sample m eans will lie in 

the interval p, ± 1.96 :Jn· The width of thi s interval is 

3.92 X 8.5 . 33.32 

Vn Le. \fn . 

If the interva l is to be at mos t 4 th en , 

33.32 < 4 
Vn 

i.e. 33.32 < Vn 
4 

69.4 < n 

Thus a sample of size at least 70 is needed . (Fortunately th e 
sa mple size ha s turned out to be quite large thus ju stifying 
our ea rlier assumption of a normally di stributed sa mple 
mea n .) 

EXERCISE 5) 

1 A popu la tion has a m ea n of 57.4 kg and a standard deviat ion 
of 6.7 kg. Samples of 80 item s are chosen at random from thi s 
population . Find th e probability that a sa mple mea n : 

(a) will be 58.4 kg or less, 

(b) will be less than 56.3 kg, 

(c) will lie between 56.3 kg and 58.4 kg. 

2 It is found that the m ean of a population is 46 .2 em a nd it s 
standard deviation is 2.3 em. Samples of 100 item s are chosen 
at random. 

(a) Between what limits wou ld you ex pect the central 95% 
of th e mea ns from such sa mples to lie? 

(b) What limit wou ld you expect to be exceeded by only 5% 
of the sample mea n s? 

(c) How large should the sa mpl e size be in ord er for the 
central 95% of such sa mpl e m ea ns to lie in an interval of 
width at mos t 0 .8 em ? 

3 The times taken by people to complete a ta sk are distributed 
with a m ean of 18.0 s and a sta ndard deviation 8.5 s. Samples 
of 50 times are chosen at random from thi s population. 

(a) Wha t is the probability that a rand omly selected sa mpl e 
mean wi ll : 
(i) be at leas t 19.4 s, 
(ii) be 17.5 s or m ore, 
(iii) lie between 17.4 and 19.0 s? 

(b) Between what limits wo uld yo u expect the ce ntral 95% 
of such sa mpl e means to lie? 



4 A popu lati on ha s a mean o f 124.3 em and a s tandard 
deviation o f 14.5 em . 

(a) What size sa mples sho uld be chose n in ord e r to make 
the centra l 95% of th e ir means li e in a n inte rva l of w idth 
as close to 5.0 em a s poss ible? 

(b) Ex plain w hy, provided the sampl es a re chosen a t 
rand o m, your a n swer is va lid . 

(c) Under w ha t circum sta nces mi ght a n a n swe r to a similar 
qu es tion be inva li d? 

MIXED EXERCISE 
1 A sm oker's blood nicotin e leve l, m eas ure in ng/ml , may be 

m ode lled by a normal rand om varia bl e w ith m ean 3 10 and 
standard deviation l 10. 

(a) What proportion o f sm okers have blood nico tine levels 
lowe r than 250? 

(b) What blood nicotin e level is exceeded by 20% o f 
smokers? [A] 

2 The leng th s o f components from a m achin e m ay be m odelled 
by a normal di stribution w ith m ean 65 mm and stand a rd 
deviation 2 mm . Find th e probability that the len gth of a 
component se lec ted at rand om will be less than 67 mm . [A] 

3 A hea lth food cooperati ve m a rke ts free- ra nge eggs. Eggs 
we ig hing less than 48 g a rc graded sm a ll, those we ighin g 
more than 59 g are graded la rge and th e res t are graded 
medium . 

The w eight of a n egg from a particula r supplie r is no rm a lly 
di stributed w ith mean 52 g a nd stand a rd deviatio n 4 g. 

Find : 

(a) the propo rti on of eggs grad ed sm a ll , 

(b) the propo rti on of eggs graded m edium, 

(c) the medi a n weight o f the eggs graded large . [A] 

4 Sharnim drives from he r home in Sa le to coll ege in 
Manches te r eve ry wee kd ay during te rm . On the way she 
co llec ts he r fri end Da vid w ho w aits fo r he r a t the end o f hi s 
road in Cha rlton . Shamim leaves home a t 8.00 a. m ., a nd th e 
tim e it ta kes he r to reach the e nd o f David 's road is no rmally 
distributed w ith mea n 23 minutes a nd s ta ndard devia tion 
5 minutes. 

(a) Find the proba bility th a t she arri ves a t th e end o f 
David 's road before 8.30 a. m . 

(b) If David a rri ves a t th e e nd o f hi s road a t 8.05 a. m . w ha t 
is th e probabi lity that he will have to wait less than 
15 minutes for Shamim to arri ve? 
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(c) What is th e lates t time, to the neares t minute, that 
David ca n arrive at the end of hi s road to have a 
probability o f a t leas t 0.99 o f a rrivin g befo re 
Shamim? [A] 

5 Free-range eggs supplied by a hea lth food coope rative have a 
m ea n weight o f 52 g with a sta nd a rd deviation o f 4 g. 
Ass umin g th e weights are no rm a ll y distributed find th e 
probability that : 

(a) a ra nd omly selected egg will weigh m ore th a n 60 g, 

(b) the m ea n weight o f five rand o ml y selec ted eggs will be 
between 50 g and 55 g, 

(c) the m ea n weight o f 90 rand oml y selected eggs will be 
be tween 52.1 g and 52 .2 g. 

Which of yo ur answers would be un ch a nged if the weights 
a re n ot normall y di stributed? 

6 Bags o f suga r are so ld as 1 kg. To en sure bags are not sold 
und erwe ight th e m achin e is se t to put a m ea n weight of 
1004 gi n each ba g. The manufacturer cl a im s that the process 
works to a s tandard devia tion of 2.4 g. What propo rtion of 
bags are und erweight? 

7 The length s of components produ ced by a machine are 
normall y di stributed with a m ea n of 0 .984 em and a s tandard 
deviation of 0.006 em . The specifica tion req uires th a t the 
length sho uld m eas ure be tween 0 .975 em a nd 0 .996 em. 
Find the probability that a randomly sel ec ted co mponent 
wi ll m ee t the specifi ca tion . [A] 

8 The w eights of bags of fertiliser m ay be mod ell ed by a normal 
di s tribution with m ea n 12. 1 kg a nd standard deviation 0.4 kg. 
Find the pro bability that: 

(a) a rand omly selec ted bag will weigh less than 12 .0 kg, 

(b) the mea n weight of four bags se lec ted a t random will 
weigh m ore than 12.0 kg, 

(c) the m ea n weight of 100 bags will be between 12 .0 and 
12. 1 kg. 

How would your a nswer to (c) be affected if the normal 
di stribution was n ot a good model for the weights o f the bags? 

9 The weight s of p lum s from a n orchard have m ea n 24 g and 
sta ndard deviation 5 g. The plums are grad ed small, medium 
or la rge. All plums over 28 g a re regarded as la rge and the res t 
equally divided be tween small and medium. Ass uming a 
normal di stribution find : 

(a) the proportion of plum s gra ded la rge, 

(b) th e upper limit o f the weight s of th e plums in the small 
grade. [A ] 



10 A survey showed that the va lu e of the change carried by an 
adu lt mal e shopper ma y be mod e lled by a normal 
di stributi on with m ea n £3.10 and standard devia ti on £0.90. 
Find th e probabi li ty that: 

(a) an adult mal e sho ppe r selec ted at random wi ll be 
ca rryin g between £3 and £4 in cha nge, 

(b) the mean amount o f chan ge ca rried by a random 
sa mple of nin e adult m a le shoppe rs wi ll be between 
£3.00 and £3.05. 

Give two reason s why, a lthough th e no rmal di stributi on ma y 
provide an adeq uate m ode l, it ca nno t in th ese circum sta nces 
provide a n exact m ode l. 

11 Th e weights o f pieces o f hom e- mad e fud ge are normally 
distributed w ith m ea n 34 g a nd standard d eviation 5 g. 

(a) What is th e probability that a piece selected at random 
weighs m ore than 40 g? 

(b) For som e purposes it is necessa ry to grad e th e pi eces as 
small , m edium or la rge. It is d ecid ed to g rad e a ll pieces 
weighin g over 40 gas large and to grade the heavie r 
half o f the remainde r as m edium . The rest w ill be 
grad ed as small . What is the uppe r limi t of th e small 
g rad e? [A] 

12 A gas supplier maintains a tea m o f engineers w ho a re 
avai lab le to dea l w ith leaks reported by cus tome rs. Mos t 
reported leaks ca n be dea lt with qui ckly but so m e require a 
long tim e. The time (excluding trave llin g time ) taken to deal 
w ith reported leaks is found to ha ve a mean o f 65 minutes 
a nd a sta nd ard dev ia ti on o f 60 minutes. 

(a) Assuming that th e times ma y be modell ed by a norma l 
di s tributi on, es tima te th e probability that : 
(i) it w ill take m ore than 185 minutes to dea l w ith a 

reported leak, 
(ii) it w ill take between 50 minutes and 125 minutes to 

dea l w ith a re po rted leak, 
(iii) th e m ea n tim e to dea l w ith a ra nd om sa mpl e of 90 

reported leaks is less than 70 minutes. 

(b) A sta ti s ticia n , con sulted by th e gas suppli er, s tated th a t, 
as th e tim es had a m ea n o f 65 minutes and a stand a rd 
d evia tio n o f 60 minutes, the no rmal di stributi o n would 
no t prov id e a n adeq ua te model. 
(i) Explain th e reason for th e sta ti stician 's statem e nt. 
(ii) Give a reaso n w hy, desp ite the sta ti sticia n 's 

s ta tem ent, your a nswe r to (a)(iii) is still va lid . 
[A] 
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13 A hot drinks machine delivers hot water into a cup when a 
button is pressed. The volume delivered may be modelled by 
a normal distribution with mea n 470 ml and standard 
deviation 25 mi. 

(a) Find the probability that the volume of hot water 
delivered will be: 
( i) less than 480 mL 
(ii) between 450 ml and 480 mi. 

(b) The vo lume of hot wa ter delivered on a random sa mple 
of te n occas ions is meas ured . Find the probability that 
the sa mple mea n is less than 475 mi. 

Each cup rece iving the hot water ha s a capacity of 500 mi. 

(c) Find th e probability that when the button is pressed 
the volume of hot water delivered w ill exceed the 
ca pacity of the cup and so overOow. 

It is possible to reset the machine so that the mean volume 
delivered takes any required value. The standard deviation 
remains unchanged. 

(d) Find the mean va lue for the volume of hot water 
delivered in order that th e probability of the cup 
overOowing is 0.001. 

A new machine is bought. It is observed that for thi s 
machine the m ean volume delivered is 490 ml and cups 
overflow on 15% of occasions. 

(e) Assuming that the volume delivered by this machine 
may also be mod elled by a normal distribution, find its 
standard deviation. 

14 Yuk Ping belongs to an athletics club . ln javelin throwing 
competitions her throws are normally di stributed with mean 
41.0 m and standard deviation 2.0 m . 

(a) What is the probability of her throwing between 40 m 
and 46 m? 

(b) What di stance wil l be exceeded by 60% of her throws? 

Gwen belongs to the sa me club . In compe titions, 85% of her 
javelin throws exceed 35m and 70% exceed 37.5 m . Her 
throws are normally di stributed . 

(c) Find the mean and standard deviation of Gwen's 
throws, each correct to two significant figures. 

(d) The club ha s to choose one of these two athletes to 
enter a major competition . In order to qualify for the 
final round it is necessary to achieve a throw of at leas t 
48 m in the preliminary rounds. Which athlete should 
be chose n and why? [A] 



15 A machine is used to fill tubes, of nominal content 100 ml , 
with toothpa ste. The amount o f toothpa ste de li vered by the 
ma chin e is normally di st ributed and ma y be se t to an y 
required m ea n va lue. Immedi a te ly after th e machine has 
been overhaul ed , the sta ndard deviat ion of the amount 
de livered is 2 mi. As time passes, thi s s tandard deviat ion 
increases until the machine is agai n ove rh a ul ed. 

The foll owing three cond itions are necessary for a batch of 
tubes o f toothpa ste to comply w ith current legislation: 

(I) The ave rage content of the tubes must be a t leas t 
I 00 mi. 

(II) No t m ore than 2.5% o f the tubes ma y contain less than 
95.5 mi. 

(III) Not m ore than 0 .1% o f the tubes ma y contain less th a n 
9 1 mi. 

(a) For a batch o f tubes w ith mean content 98.8 ml and 
standard deviation 2 ml, find the proportion of tubes 
which contai n : 
(i) less th a n 95 .5 m l, 
(ii) less than 9 1 mi. 

Hence s ta te w hi ch , if any, o f the three conditio n s above 
a re not sat isfi ed . 

(b) If the s tandard deviation is 5 ml, find the m ea n in each 
o f the fo ll owin g cases: 
(i) exact ly 2.5% o f tubes contain less than 95.5 ml, 
(ii) exactly 0 . 1% o f tubes contain less than 9 1 mi. 

Hence sta te the sm alles t va lue o f the mea n w hich 
would enab le a ll three conditions to be met w hen th e 
standard deviati on is 5 mi. 

(c) Currently exactly 0.1 % of tubes co nta in less than 9 1 m l 
and exactly 2.5% co ntain less than 95.5 mi. 
(i) Find the current va lues of the mea n and the 

standard deviati on . 
(ii) State, givin g a reason, w het her you would 

recommend th a t th e m achin e is overh a uled 
immediately. [A] 
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Key point summary 

The normal di stribution is continuo us, symmetrica l p82 
and bell- shaped . 

2 The no rmal di stribution with m ea n 0 and standard p82, 83 
deviation 1 is called the standard normal 
di stribution . Tables of this di stribution are in the 
Appendix . 

3 An observation, x, from a normal di stribution with p86 
m ea n J.1- and standard deviation u is s tandardi sed 
using the formula 

x- J.l-z=--. 
(J' 

This mu st be done before th e tables can be u sed. 

4 If a rand om sample of size n is taken from any p95 
di stribution with m ea n J.1- and sta ndard 
deviation u, then : 

• x, the sa mple mea n, will be distributed with m ean J.l-

and standard devia tion fn' 
• the distribution will be approximately normal 

provided n is reasonably large. 
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Test yourself What to review 

1 Why do tables of the standard normal di stribution not tabulate Sections 5. 1 and 5.4 
negative va lues of z? 

2 For a standard norma l di stribution find the va lue of z which is Section 5.8 
exceeded with probability: 
(a) 0.06, (b) 0.92. 

3 A normal di stribution has mea n 12 and sta ndard deviation 4. 
Find the probability that an observa ti on from thi s distribution: 

(a) exceeds 10, (b) is less than 5, 

(c) is between 14 and 16, (d) is betwee n 8 and 15 . 

4 What is the probability tha t an observa tion from the 
distribution in question 3 is exac tl y equal to 10? 

5 Under what circum stances ma y tabl es of the normal 
distribution be useful when dea ling with a variab le which is 
not norm all y di stributed ? 

6 A rand om sa mple of size 25 is taken from a normal 
di stribution with mean 20 and standard deviation I 0. 

(a) Find the probability that the sa mple mean exceeds 2 1? 

(b) What va lue wi ll th e mea n exceed with a probability of 0.6? 

7 Give a reason why, a lthough the normal di stribution ma y 
provide a good model for the weight s of new- born mice, it 
cannot provide an exact model. 

Test yourself ANSWERS 
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Section 5.7 

Section 5.1 

Sect ion 5. 11 

Section 5.1 1 

Section 5.9 
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Learning objectives 
After stud ying this chapter, yo u should be able to: 

• ca lcu late a confidence interval for the m ea n of a normal di stribution with a kn own standard 
deviation 

• ca lculate a confid ence interval for the m ea n of a ny di stributi on from a large sa mpl e. 

6.1 Introduction 
Applying s tatistics often in volves using a sample to draw 
conclu sion s about a po pulation . Thi s is known as stati sti ca l 
infe rence. There are two main m e th ods of s tatis tica l inference: 
confidence inte rval s, which are the subject of thi s chapte r, and 
hypothesis tes ting, whi ch is introduced in Unit 2. Confid ence 
interval s are used w hen we wish to es timate a population 
parame ter and hypothesis tes tin g is used w hen we wish to make 
a decision. The calculation s involved in th e two methods a re 
often similar but the purpose is different. 

6.2 Confidence interval for the mean 
of a normal distribution, standard 
deviation known 

The method is best und erstood by con sidering a specific exa mpl e. 

The contents of a large batch o f packe ts o f baking powd er are 
known to be normally di stributed w ith standard deviation 7 g. 
The mea n is unknown . A randomly selec ted packet is found to 
contain 193 g of baking powder. If this is the only information 
available the bes t estima te of the mea n contents o f the batch is 
193 g. Thi s is ca lled a point es timate. However we know that if a 
diffe rent packet had been selec ted it wou ld a lmost certa inly have 
contained a different amount of baking powder. It is better to 
es timate the m ean by an interva l rather than by a single va lue. 
The interva l ex presses the fa ct that there is only a limited amount 
of information and so th ere is uncertainty in th e es timate. 



If an observation is taken from a standard norma l di stribution 
there is a probability of 0.95 that it will lie in the ran ge ±: 1.96. 

This mea ns that there is a probability of 0.95 that an obse rvation, 
x, from a normal di stribution with mea n fL and standard 
deviation (T will lie in the interva l fL ±: 1.96 (T. 

X 

0 .95 

f..l - I. 96a J.l J.l + 1.96a 

In the example of the packets of baking powder the value of x is 
known but the va lue of fL is unknown. If the interval is centred 
on x, i.e. x ±: 1.96 (T, there is a probabi lity of 0.95 that thi s interval 
will contain fL . 

X 

x - I. 96a f..l 

For the packets of bakin g powder the interva l is 

193 ± 1.96 X 7 

i.e. 193 ±: 13.7 or 179.3 to 206.7. 

The interva l is ca lled a 95% confidence interva l. Thi s is beca use if 
interva ls are ca lculated in thi s way then, in the long run, 95% of 
the interva ls ca lculated wi ll contain the popu lation mea n. This 
al so means that 5% will not contain the popu lation mea n. 
Unfortunately there is no way of knowing, in a particular case, 
whether the interva l ca lcu lated is one of the 95% which does 
contain fL or one of the 5% which does not contain IL· You ca n, 
however, say that it is much more likely to contain fL than not to 
contain fL. 

Confidence mtervals I 0 7 

The population mean, p,, is 
constant but unknown. The 
interval is known but will be 
different for each observation, x. 

I 
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-~~~~~=)Confid e nce interval s 
from different samples 

The level of confidence ca n be increased by widening the 
interval. For example a 99% confidence interval is 

193 :±: 2.5758 X 7 

i.e. 193 :±: 18.0 or 175 .0 to 211.0. 

It is not pos sible to calculate a I 00% confidence interval. 

Intuitive ly, it seem s that a be tte r es timate of f.L, the mean 
contents of the packets of baking powder, will be obtained if we 
weigh the contents of more than one packet. 

Four randomly selected packets were found to contain 
193, 197, 212 and 184 g of baking powder. The sa mpl e 
mean is 196.5. The standard deviation of the m ea n of a 

7 
sa mpl e of size four is V4 = 3.5. 

A 95 % confidence interval for the population m ea n is 

196 .5 :±: 1.96 X 3.5 

i.e . I 96.5 :±: 6.9 or 189.6 to 203.4. 

Note 1. This interval is half the width of the 95% confidence 
interval calcu lated from the weight of a single packet. This ha s 
been achieved by increasing the sample size from one to four. 
However there is very little advantage in increas ing a sa mple of 
size 21 to one of size.24. To halve the width of the interval you 
need to multiply the sample size by four. 

Note 2. If the di st ribution is not normal the confidence interval 
will be inaccurate. This could be a major problem for the single 
observation but wou ld be less seriou s for the sample of size four. 
For large samples the sa mple m ea n will be approximately 
normally di stributed. Four is not a large sa mple but the m ea n of 
a sample of size four will come closer to fo ll owing a normal 
distribution than will the distribution of a single observation . 

If x is the m ean of a random sample of size n from a normal 
distribution with (unknown) m ea n J.L and (known) 
standard deviation u, a IOO( I - a) % confid ence interva l for 

u 
J.L is given by x :±: z " . 1 . .., vn 

This is because there are no 
limits which contain I 00% of a 
normal distribution. 

- zu 
2 

Individua l packets, 
s. d. 7 

z, 
2 



Worked example 6. I 
A m achine fill s bo ttles w ith vinega r. Th e volumes o f vinega r 
conta ined in these bo ttles a re normall y di st ribu ted w ith s ta nd a rd 
devia tion 6 mi. 

A random sa mple o f five bo ttles from a large batch fill ed by the 
machine conta in ed the fo llowing volumes, in millilitres, of vinega r: 

986 996 984 990 1002 

Calcula te a 90% confid ence inte rva l fo r the m ea n volume of 
vi negar in bo ttl es o f thi s ba tch . 

Solution 
Sa mple m ea n = 99 1.6 ml 
90% co nfid ence inte rva l for mea n 

6 
99 1.6 ± 1.6449 X Vs 

i.e. 99 1.6 ± 4.4 1 or 987.2 to 996.0 ml 

Worked example 6.2 
A food processor produ ces la rge ba tches o f ja rs of ja m . In each 
ba tch the weigh t o f ja m in a ja r is kn own to be norm a lly 
di stributed w ith sta nd a rd deviat ion 7 g. The we igh ts, in gram s, o f 
the jam in a ra nd om sa mpl e of ja rs from a parti cula r batch were: 

48 1 4 55 468 457 469 463 469 458 

(a) Ca lcula te a 95% confid ence inte rva l fo r the m ea n we igh t of 
ja m in thi s batch o f ja rs. 

(b) Ass umin g th e m ea n we igh t is at the upper limit of the 
confid ence interva l calcul a ted in (a) , calcul a te the limits 
w ithin w hi ch 99% of we ight s of jam in these ja rs lies . 

(c) The ja rs a re cla imed to conta in 454 g of ja m . Com m en t o n 
thi s cla im as it re la tes to thi s ba tch . 

Solution 
(a) Sa mple m ea n = 465.0 

95% confid ence in te rva l fo r mean we ight of jam is 

7 
465 ± 1.96 X VB 

i.e. 465 ± 4.85 1 or 460 .1 to 469.9 

(b) Th e uppe r limit o f the co nfid ence inte rva l is 469 .9. 
If the m ea n were 469.9, 99% of th e we ight s of ja m in the 
jars would lie in the ra nge 

469.9 ± 2.5758 X 7 

i.e. 469.9 ± 18.0 o r 45 1.9 to 487.9. 
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means. 
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(c) 454 is below the lower limit of the confidence interval 
calcu lated in (a) . Hence it is safe to ass ume that the mean 
weight of jam in the jars exceeds 454 g. 

However even if it is assumed that the mean is at the upper 
limit of the confidence interval. the interval calculated in (b) 
shows that some individual jars wi ll contain less than 454 g. 

EXERCISE. 6A 
1 The potency of a particular brand of aspirin tablets is known 

to be normally distributed with standard deviation 0.83. A 
random sample of tablets of thi s brand was tes ted and found 
to have potencies of 

58.7 58.4 59.3 60.4 59.8 59.4 57.7 60.3 61.0 58 .2 

Calculate: 

(a) a 99% confidence interva l for the mean potency of th ese 
tablets, 

(b) a 95% confidence interval for the mean potency of these 
tablets, 

(c) a 60% confid ence interval for the mean potency of these 
tablets. 

2 The dia stolic blood press ures, in millimetres of mercury, of a 
population of healthy adults has standard deviation 12.8. 
The diastolic blood pressures of a random sa mple of members 
of an athletics club were measured with the following res ults: 

79.2 64.6 86.8 73 .7 74.9 62.3 

(a) Assuming the sample comes from a normal distribution 
with sta ndard deviation 12.8, calcu late: 

(i) a 90% confidence interva l for the mean, 

(ii) a 95% confidence interval for the mean, 

(iii) a 99% confidence interval for the mean . 

The diastolic blood press ures of a random sample of members 
of a chess club were also measured with the following results : 

84.6 93 .2 104.6 106.7 76.3 78.2 

(b) Assuming the sa mple comes from a normal di stribution 
with standard deviation 12.8, ca lcu late: 

(i) an 80% confid ence interval for the mean, 

(ii) a 95% confidence interval for the mean, 

(iii) a 99% confidence interva l for the mean . 

(c) Comment on the diastolic blood press ure of m embers of 
each of the two clubs given that a population of healthy 
adults wou ld have a mean of 84.8. 



3 Applicants for an assembl y job are to be given a tes t of ma nual 
dexterity. The times, in second s, taken by a random sa mpl e of 
appli ca nts to compl e te th e test a re 

63 229 165 77 49 74 67 59 66 102 8 1 72 59 

Calcu late a 90% confidence interva l for th e mea n time taken 
by applicants . Ass ume the data com es from a norma l 
di stribution with standard devia ti on 57 s. 

4 A rail traveller record s the tim e she has to queu e to buy a 
ticket. A rand om sa mple o f times, in second s, were 

136 120 67 255 84 99 280 55 78 

(a) Assum ing the data m ay be rega rd ed as a ra nd o m sample 
from a normal distributi on with sta ndard deviatio n 44 s, 
ca lculate a 95% co nfid ence inte rva l for th e mea n que uin g 
tim e. 

(b) Assume that th e m ea n is a t th e lowe r limit o f th e 
co nfid ence inte rva l ca lcul ated in (a) . Calculate limits 
w ithin w hi ch 90% of h er wa iting times w ill lie. 

(c) Comment on the stati on manage r' s claim that mos t 
pa ssen gers have to que ue for less than 25 s to buy a 
ticke t. 

5 A food processor produces large batches o f jars of pickles. In 
each batch, the gross weight o f a jar is known to be norma ll y 
di stributed w ith standard devia tio n 7.5 g. (The gross we ight is 
the weight o f the jar plus th e weight o f th e pickles. ) 
The gross weights, in gram s, of a rand o m sa mple from a 
particu lar batch were: 

5 14 485 501 486 502 496 509 491 497 
50 1 506 486 498 490 484 494 501 506 
490 487 507 496 505 498 499 

(a) Ca lcul a te a 90% confid ence inte rva l for the m ea n gross 
we ight o f this batch . 

The we ight o f an empty jar is kn own to be exactly 40 g. 

(b) (i) What is th e standard dev iation of th e we ight o f the 
pick les in a batch of jars? 

(ii) Ass uming that the mea n gross we ight is at the 
upper limit of the co nfid ence inte rva l calcul a ted in 
(a) , ca lculate limits w ithin w hi ch 99% of the 
weight s of the pick les would lie. 

(c) The jars a re claimed to co nta in 454 g of pickles. Comment 
o n thi s claim as it re lates to thi s batch o f jars. 

Confidence Intervals I I I 
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6.3 Confidence interval for the mean 
based on a large sample 

There are not many rea l life situation s where we wish to usc a 
co nfid ence interval to es timate an unknown population mea n 
when the population s tandard deviation is known. In m os t ca ses 
where the m ean is unknown the s tandard deviation wi ll a lso be 
unknow n . If a la rge sa mpl e is avai la ble then thi s wil l provide a 
sufficiently good es tima te o f the s ta ndard deviati on to enable a 
confid ence inte rva l for the mea n to be ca lcula ted . The large 
sa mple a lso ha s th e advanta ge of the sa mple mean being 
approximately n o rmally di s tributed no m a tter w hat the 
dis tribution of the individual items. 

f If a large rand om sa mpl e is avai la bl e: 

~ • it can be used to provid e a good est imate of th e 
f popula tion stand a rd deviation u , 

• it is sa fe to assume tha t the mea n is normally 
di stributed . 

Worked example 6.3 
Seventy packs o f butter, se lec ted a t ra nd o m from a large batch 
delivered to a supermarke t, are weighed. The mea n weight is 
found to be 227 g and the s tandard deviation is found to be 7.5 g. 
Ca lculate a 95% confidence inte rval for th e mea n weight of a ll 
packs in the batch . 

Solution 
Seventy is a large sa mple and so a ltho ugh the s tand a rd deviation 
of th e weights is not known we ma y usc the s tandard deviation 
ca lculated from the sample . It does not matte r whether the 
di s tribution is normal or not since the mea n of a sa mpl e of 70 
from any di s tribution m ay be m ode ll ed by a normal di stribution . 

The 95% confidence interval for the m ea n weight of packs of 
butte r in the batch is 

7.5 
227 :±: I. 96 X , r::;;; 

v70 

i.e. 227 :±: 1. 76 or 225.2 to 228.8. 

Worked example 6.4 
Shoe sh op staff ro utinely m eas ure the length o f the ir customers' 
fee t. Meas urements o f the leng th of on e foo t (without shoes) 
from each of 180 adu lt mal e custom ers yie lded a m ea n length of 
29.2 em and a standard devia ti on of 1.47 em . 

This could occur in a mass 
production process where the 
mean length of components 
depends on the machine settings 
but the standard deviation is 
always the same. However it is 
unusual. 

The definition of 'large' is 
arbitrary. A rule of thumb is that 
' large' means at least 30. 

The sample is large and so it 
makes little difference whether 
the divisor n or n - I is used in 
calculating the standard 
deviation. Both will give very 
similar results. As the population 
standard deviation is being 
estimated from a sample it is 
correct to use the divisor n - I. 

At least 4 s.f. are required here. 
If the answer was rounded to 
2 s.f. the interval would 
disappear completely. 



· (a) Calculate a 95% confidence interval for the mea n length of 
male fee t. 

(b) Why was it not necessa ry to assume that the lengths of feet 
are normall y di stributed in ord er to calcul ate the confidence 
interval in (a)? 

(c) What assumption was it necessa ry to make in order to 
ca lculate the confidence interva l in (a) ? 

(d) Given that the length s of ma le feet may be modell ed by a 
normal di stribution, and making any other necessa ry 
assumptions, ca lculate an interval within which 90% of the 
length s of male feet will lie. 

(e) In the light of your ca lculat ions in (a) and (d), di scuss briefl y, 
the ques tion ' Is a foot a foot long?' (One foot is 30.5 em.) [A] 

Solution 
(a) The 95% confidence interva l for the mean length of male 

fee t is 
1.47 

29.2 :±: 1.96 X .~ 
v l 80 

i.e. 29.2 :±: 0.2 15 or 28.99 to 29.4 1. 

(b) It is not necessa ry to assume lengths are normally 
di stributed beca use the central limit theorem states that the 
mea n of a large sa mple from any di stribution will be 
approximately normall y di stributed. 

(c) To calculate the confidence interva l in (a) we needed to 
assume that the sa mple could be trea ted as a rand om 
sa mple from the population of all male fee t. 

(d) 90% of male feet wi ll lie in the interva l 

29.2 :±: 1.6449 X 1.47 

i.e. 29.2 :±: 2.42 or 26.78 to 31.62. 

(e) The confidence interva l calculated in (a) does nor contain 
30.5 and so it is very unlikely tha t the mean leng th of male 
feet is one foot. The interva l ca lcul ated in (d) docs contain 
30.5 which indicates that some male feet are a foo t long. 

EXERCISE 68 
1 A telephone company selected a random sa mple of size 150 

from those customers who had not paid their bill s one month 
after they had been sent out. The mean amount owed by the 
customers in the sa mple was £97.50 and the standard 
devia tion was £29.00 . 
Ca lculate a 90% confid ence interva l for the mea n amount 
owed by a ll customers who had not paid their bill s one month 
after they had been sent out. 
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2 A sa mple of 64 fi sh ca ught in the ri ve r Mirwell had a mea n 
weight of 848 g w ith a s ta nd a rd devia tion o f 146 g. Ass umin g 
these m ay be regarded as a ra nd om sa mpl e o f a ll the fi sh 
ca ught in th e Mirwell, ca lcul a te, for the m ea n of this 
pop u Ia ti on : 

(a) a 95% confid ence in te rvaL 

(b) a 64% confi de nce in te rva l. 

3 A boa t ret u rns from a fi shi ng tri p holdin g 145 cod . The m ea n 
leng th o f these cod is 74 em a nd the ir s tand ard devia tion is 
9 em . The cod in th e boa t may be rega rded as a ra nd o m 
sa m ple from a la rge shoa l. The norma l di s tribution may be 
rega rd ed as an adeq ua te m odel for the len gth s of the cod in 
th e shoa I. 

(a) Calcul ate a 95% confid ence interva l for the m ea n len gth 
o f cod in the shoa l. 

(b) It is kn ow n th at the no rm a l di stribution is not a good 
model for the we igh ts of cod in a shoa l. If the cod had 
been weigh ed , wh a t difficulties, if any, would a ri se in 
ca lcula ting a confidence inte rva l for the mea n we ight o f 
cod in the shoa l? J ust ify yo ur an swer. [AJ 

4 A sweet shop sell s chocola tes which a ppear, a t fir s t sight, to be 
id entica l. Of a ra nd om sample of 80 chocolates , 6 1 h ad hard 
centres a nd the res t soft centres. Th e chocola tes are in the 
shape of circula r di scs an d the diam eters, in centimetres, of 
th e 19 soft-centred chocola tes were: 

2. 79 2.63 2.84 2.77 2.8 1 2.69 2. 66 2.7 1 2.62 2.75 
2.77 2.72 2 .8 I 2 .74 2. 79 2. 77 2.67 2.69 2.75 

The m ea n diam eter of the 6 I h ard -centred chocola tes was 
2.690 em . 

(a) If th e di am eters of both ha rd- centred a nd soft- centred 
chocola tes a re kn own to be n ormally di stributed w ith 
s ta nd a rd devia tion 0.042 em , ca lculate a 95% confid en ce 
interva l for the m ea n diam e ter of: 

( i) the soft- centred chocola tes, 

(ii) the h ard- centred ch ocolates. 

(b) Calcul ate an inte rval w ithin which a pprox ima te ly 95% of 
th e dia m eters o f hard- centred chocola tes w ill lie. 

(c) Discuss, brie fl y, how use ful kn owledge of the di am e ter 
o f a chocola te is in de terminin g wh e ther it is h ard- or 
so ft -ce n tred. [A] 



5 Packe ts of baking powder have a nom ina l we ight of 200 g. The 
di stribution of weights is normal and the standard deviation is 
10 g. Avera ge quantity sys tem leg islation states that, if the 
nominal weight is 200 g, 

• the average weight mu st be at leas t 200 g, 

• not more than 2.5% of packa ges ma y weigh less than 19 1 g, 

• not m ore than 1 in 1000 packa ges ma y weigh less than 
182 g. 

A random sa mpl e of 30 packages had the fo llowing weights: 

2 18 207 2 14 189 2 11 206 203 2 17 183 186 
2 19 2 13 207 2 14 203 204 195 197 213 212 
188 22 1 2 17 184 186 2 16 198 2 11 2 16 200 

(a) Calculate a 95% co nfid ence interval for the mean weight. 

(b) Ass umin g that the m ean is at th e lower limit o f th e 
interva l ca lculated in (a) , w hat proportion o f packets 
would weigh, 

(i) less than191 g, 

(ii) less than 182 g? 

(c) Discu ss th e suitability o f th e packets from th e point of 
view o f th e average quantity sys tem . A simple 
adju stm ent wi ll chan ge the mean weight of future 
packages. Changin g the standard deviat ion is poss ible 
but very ex pen sive. Without ca rryin g out any further 
ca lculation s, di scu ss any adjustments you might 
recommend . [A] 

Worked example 6.5 
Solid fu el is packed in sacks which are the n weighed on sca les. It 
is known that if th e full sack weighs /.L kg the weight record ed by 
the sca les wi ll be normally di stributed w ith mea n /.L kg and 
stand a rd dev iation 0 .36 kg. 

A particul ar full sack was we ighed four times and the weights 
record ed were 34.7, 34.4, 35. 1 and 34.6 kg. 

(a) Ca lcula te a 95% confid ence interva l for the weight o f thi s 
fu ll sack. 

(b) State th e w idth of the inte rval ca lculated in (a) . 

(c) What pe rcentage wou ld be a ssociated w ith a confid ence 
inte rva l o f w idth 0 .3 kg? 

(d) How many tim es wou ld thi s full sack have to be weighed so 
that a 95% co nfid ence inte rval for the we ight wou ld be o f 
width 0.3 kg? 
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Solution 
(a) .X= 34.7 

95% confidence interval for the mean is 

0.36 
34.7 ± 1.96 X \14 

i.e. 34.7 ± 0.353 or 34.35 to 35.05 

(b) width of interval is 2 X 0.353 = 0.706 

0.36 
(c) 0.3 = 2z X V4 

(d) 

z = 0.833 

f1 - z 0.36 
v'4 

% confidence= 100{0.7977- (I - 0.7977)} 
i.e. 59 .54 or approximately 60%. 

A 60% confidence interval would have width 
approx imately 0.3 kg . 

0.36 
0.3 = 2 X 1.96 X Vn 

Vn = 4.704 n = 22. 1. 

If the sack was weighed 
22 times a 95% confidence 
interval would be of 
width approximately 
0.3 kg. 

f1 - !.96 X ~6 
f1 + !.96 X ~6 

Worked example 6.6 ---------­
(a) A sample of adult female bears observed in the wild had the 

following weights in kilograms . 

98 57 71 107 109 

The data may be regarded as a random sample from a 
normally distributed population with a standard deviation 
of 11 kg . 
Calcu late a 99% confidence interval for the mean weight of 
adu lt female bears. 

0.7977 - (I - 0.7977 ) 

1 - 0.7977 

- 0.83 3 0 0.833 



(b) A sample of adult male bears is a lso weighed and used to 
calculate both a 90% and a 95% confid ence interva l for J..t , the 
mean weight of the population of adult m ale bears, (i.e . both 
confid ence intervals are ca lcula ted from the same sa mple ). 

Find the probability that : 

(i) th e 90% confid en ce inte rval does not contain J..t, 
(ii) the 90% confidence inte rva l does no t conta in J..t but the 

95% confid en ce inte rval does contain J..t , 
(iii) the 90% confidence interva l conta in s J..t , given tha t the 

95% confid en ce inte rva l does no t contain M· 

(c) Find th e probability that the confid en ce inte rval ca lcul a ted 
in (a) does not contain the mea n weight of adult fem ale 
bea rs and the 90% confid ence inte rval in (b) does not 
contain J..t . 

Solution 
(a) x = 88 .4 

99% confid en ce inte rva l for the mea n is 

II 
88.4 :±: 2. 5758 X Vs 

i.e. 88.4 :±: I2.7 or 75 .7 to 101.1 

(i) The re is a probability of 0 .9 that a 90% confid ence 
inte rva l contain s J..t and so th ere is a probability o f 

[A] 

I - 0 .9 = 0.1 tha t a 90% confide nce interva l does not 
conta in J..t . 

(ii) Tf the 95% confid ence in terva l conta ins J..t bu t the 90% 
confid ence inte rva l does not conta in J..t then x mu st lie 
in the sh aded area. 

Proba bility is 0.05. 

(iii) If the 95% confidence interva l does not conta in J..t it is 
imposs ible for the 90% confid ence interva l to conta in J..t . 

The probability is 0 . 

(c) The proba bility that the 99% confid ence inte rva l ca lcul a ted 
in (a) does not conta in the mea n weight of fem a le bea rs is 
1 - 0 .99 = 0.01. 

The probability the 90% confidence in te rva l ca lcula ted in (b) 
does not conta in J..t is 1 - 0 .9 = 0. 1. 

Con(idence Intervals I I 1 
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Assuming that these two sa mples are independ ent the required 
probability is 0.01 x 0.1 = 0.00 l. 

EXERCISE 6C 
1 A random sa mple of ex perimental components for use in 

aircraft engines was tes ted to des truction under ex treme 
conditions. The survival times, X days, of ten component s 
were as follows: 

207 381 Ill 673 234 294 897 144 418 554 

(a) Assuming that the survival time, under these conditions, 
for all the experimental components is normally 
di stributed with standard deviation 240 days, ca lculate a 
90% confidence interval for the mea n of X. 

(b) State the probability that the confidence interval 
calcu lated in (a) does not contain the mea n of X. 

2 A car manufacturer purcha ses large quantities of a particular 
component. The working lives of the components are known 
to be normally distributed with mea n 2400 hours and 
standard deviation 650 hours. The manufacturer is concerned 
about the large variability and the supplier undertakes to 
improve the des ign so that the standard deviation is reduced 
to 300 hours. 

A random sample of five of the new components is tested and 
found to la st 

2730 3120 2980 2680 2800 hours. 

Assuming that the lives of the new components are normally 
distributed with standard dev iation 300 hours: 

(a) (i) Calcu late a 90% confidence interval for their mea n 
working li fe. 

(ii) How many of the new components would it be 
necessa ry to tes t in order to make the width of a 
95% confidence interval for th e mea n just less than 
100 hours? 

(b) Lives of components commonly follow a distribution 
which is not normal. If the assumption of normality is 
invalid, comment briefly on th e amount of uncertainty in 
your answers to (a)(i) and (ii) . 

(c) Is there any reason to doubt the assumption that the 
sta ndard deviation of the lives of the new components is 
300 hours? [A] 



3 A supermarke t se ll s cartons of tea bags. The weight, in gram s, 
o f the contents of the cartons in any batch is know n to be 
normall y di stributed with mea n /kr and standard dev iation 4. 
In order to compare the actual contents with that claimed by 
the supplie r, a manager weighed the contents of a random 
sa mple of five cartons from a large batch and obtained th e 
fol lowing res ults, in gram s: 

196 202 198 197 190 

(a) Ca lculate: 
(i) a 95 % confide nce inte rva l for Jkr, 

(ii) a 60% confid ence interva l for lkr· 

The manager intend s to do the sa m e thing tomorrow (i .e. to 
weigh the contents of a rand om sa mple of ca rton s of tea and 
to use th e data coll ected to calculate both a 95% and a 60% 
confidence interval). 

(b) State the probability tha t: 
(i) the 95 % confidence inte rva l she calculates wi ll not 

contain Jkr, 

(ii) ne ither of the confid ence interva ls she calculates 
wil l contain lkr· 

The mana ger also intend s to weigh the contents of jars of coffee 
from a batch in order to calcu late a 95% and a 60% confidence 
inte rval for the mean contents, J.Lc, of jars in the batch. However, 
in thi s case, the 95% confidence inte rval wil l be calcu lated from 
one random sa mple and the 60% confid ence interval ca lcu lated 
from a second, independent, rand om sa mpl e. 

(c) Find the probability that ne ithe r the 60% nor the 95% 
confid ence inte rval for the mea n contents of jars o f co ffee 
will contain J.Lc· [A] 

4 Batteries suppli ed to a large in stitution for u se in e lec tric 
clocks had a m ea n working life o f 960 days with a standard 
deviation o f 135 days. 

A sa mpl e from a new supplie r had working li ves of 

1020, 998, 894, 921, 843, 1280, 1302, 782, 694, 1350 days. 

Assume that th e data ma y be rega rd ed as a random sa mpl e 
from a normal distribution w ith sta ndard deviation 135 days. 

(a) For the working lives o f batteries from the new supplier, 
ca lculate a 95% confidence inte rva l for the m ea n . 

(b) The in stitution would like batteries w ith a large mea n . 
Compare the two sources o f supply. 

(c) State the width of the confid ence interval calculated in (a) . 

(d) What percentage would be associated with an interva l o f 
width I 00 days ca lcu lated from the data above? 

(e) How large a sa mple would be needed to calculate a 90% 
confid ence interva l of width approximate ly 100 days? 

[A] 
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5 A manufacturer makes ba tteries for use in bicycle light s. The 
workin g lives, in hours, of the ba tteries are known to be 
norm a lly di stributed with a stand ard devia tion of 1.8 . A 
rand om sample of ba tteries was tes ted and their workin g lives 
we re as follows: 

48.2 49 .6 47 .1 50.0 46.8 47.2 47 .9 

(a ) Ca lcu late a 95% confid ence interva l for the mea n 
working life of the ba tte ri es. 

(b) Sta te the width of the confid ence interva l yo u have 
ca lcula ted . 

(c) Wha t percentage would be associa ted with a confid ence 
inte rva l of w idth 2 hours ca lcu lated from the given da ta? 

(d) A further rand om sample of size seven is to be taken and 
used to calcul ate a confid ence interval of width 2 hours. 
State the probability tha t this confid ence interva l w ill not 
contain the mean work ing li fe. [A] 

6 A firm is considerin g providing an unlimited supply of free 
bo tt led wa ter for employees to drink during workin g hours. To 
estim a te how much bott led water is likely to be consumed, a 
pi lot study is undertaken . On a particular day-s hift, ten 
employees are provided with un lim ited bo ttled water. The 
amount each one consumes is mon itored . The amounts, in 
mi ll ilitres, consumed by these ten employees are as fo llows: 

110 0 640 790 I 120 0 0 2010 830 770 

(a) Ass uming the data ma y be regard ed as a random sample 
from a norma l di str ibution w ith standard devia ti on 5 10, 
ca lculate a 95% confid ence interva l for the mea n amount 
consumed on a day-shift. 

(b) (i) Give a reason, based on the data coll ected, why the 
norma l di stribution may not provide a suitab le 
model for the amount of free bott led water wh ich 
would be consumed by employees of the firm . 

(ii) A norma l di stribution may provide an adequate 
model but cannot provide an exact model for the 
amount of bottled water consumed. Ex plain thi s 
statement, giving a reason which does not depend 
on the data collec ted . 

(c ) Following the pi lot stud y th e firm offers the bottled 
water to all the 135 employees who work on the night­
shi ft. The amounts they con sume on the fir st ni ght have 
a mean of 960 m l with a standard deviation of 240 m i. 
(i) Assuming these da ta may be regard ed as a rand om 

sample, calcu la te a 90% confid ence interval for the 
mean am ount consumed on a night-shift. 



(ii) Explain why it wa s not necessary to know that the 
data came from a normal di stribution in order to 
calcula te the confidence interval in (c)(i) . 

(iii) Give one reason why it may be unrealistic to rega rd 
the data as a rand om sample of the amounts th a t 
would be con sumed by all employees if the scheme 
was introduced on all shifts on a permanent bas is. 

[A] 

7 A health food cooperative imports a large qu antity of da tes 
and packs them into plastic bags labell ed 500 g. Georgina , a 
Con sumer Protection Officer, checked a random sample of 95 
bags a~d found the contents had a m ea n weight of 498.6 g, 
and a standard deviation of 9.3 g. 

(a) Assuming tha t weight s follow a normal distribution, 
calculate, for the m ean weight of contents of all the bags : 
(i) a 95% confidence interval, 
(ii) an 80% confidence interval. 

(b) The health food cooperative also imports ra isins . 
Georgina intends to take a random sample of 500 g 
packets of rai sins, weigh the contents and use the res ults 
to calcula te an 80% and a 95% confidence interva l for J.L, 
the mean weight of the content s of all the cooperative's 
packets of raisins. 
(i) Find the probability that: 

(A) the 80% confidence interval contains J.L, 
(B) the 95 % confidence interval conta in s 11- but the 

80% confidence interva l does not. 
(ii) Instead of calculating both confidence interva ls 

from the same sample, Georgina now decides to 
calcul ate the 95% confiden ce interval from one 
sample and the 80% confidence interva l from a 
second independent random sample. Find th e 
probability that the 95% confidence interva l 
conta ins J.L, but the 80% confidence interva l does 
not. [A] 

8 Applicants to join a police force are tes ted fo r physica l fitn ess . 
Based on their performance, a physica l fitn ess score is 
calculated for each applicant. Ass ume tha t the di stribu tion of 
scores is normal. 

(a) The scores for a rand om sample of ten applicants were 

55 23 44 69 22 45 54 72 34 66 

Experience sugges ts that the standard deviation of scores is 
14.8. 

Calcula te a 99% confidence interva l for the mea n sco re of a ll 
applicants. 

Con(idence intervals 121 
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(b) The scores of a furth er random sample of 110 applicants 
h ad a m ea n of 49.5 and a standa rd deviation of 16.5. Use 
the data from this second sam ple to calculate: 
(i) a 95% confidence interval for the m ea n score of a ll 

applica nts, 
(ii) an interva l within w hich the score of approximately 

95% of applicants wi ll lie. 

(c) By interpre ting your res ults in (b)(i) and (b)(ii) , 
commen t on the a bility of the applicants to achieve a 
score of 25. 

(d) Give two reason s why a confid en ce interva l ba sed on a 
sample of size 110 wou ld be preferable to one ba sed on a 
sample of size 10. 

(e) It is sugges ted that a much better es timate of the m ea n 
physical fitness of a ll applicants could be made by 
combining the two samples before ca lculating a 
confidence interva l. Comment on thi s sugges tion . [A] 

Key point summary 

If x is the m ea n of a random sample of size n from a pI 08 
normal di stribution with (unknown) m ea n f.L and 
(known) standard deviation cr, a 100( 1 - a) % 

cr 
confidence interval for f.L is given by x ::!::: z f Vn. 

2 lf a large rand om sample is avai lable: 

• it can be used to provide a good es timate of 
the pop ulation standard deviation cr, 

p/12 

• it is safe to ass ume that the m ean is normally distributed. 



Test yourself 

1 The length s of components produ ced by a machine a re 
normally di s tributed with standard deviation 0.005 em. 
A random sa mple of components m eas ured 

1.002 1.007 1.016 1.009 1.003 em . 

Ca lculate a 95% confid ence inte rva l for th e populatio n mean. 

2 Sta te the probabi lity th a t an 85% confid ence interva l for J.L 
does not co nta in J.L . 

3 Comment on the claim that the mean length of the 
components in ques tion I is 1.0 11 em. 

4 The contents o f a random sa mple o f 80 tin s of vind a loo 
cookin g sa uce from a large ba tch were weighed . The sa mpl e 
mea n content was 284.2 g a nd th e s tand a rd deviation, s, was 
found to be 4. 1 g. 

Ca lcul a te a 95% confid ence interva l for the population mean . 

5 How would your answer to question 4 be a ffected if it was 
la ter di scovered that the batch co nta ined tins w hi ch had been 
produced on two diffe rent ma chin es a nd the distribution of 
the we ights was bimoda l? 

6 How wou ld your a n swer to ques tio n 4 be a ffec ted if it wa s 
later di scovered tha t the sa mpl e was no t rando m? 

Test yourself ANSWERS 
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What to review 

Section 6.2 

Section 6.2 

Sect ion 6.2 

Section 6.3 

Sect ion 6.3 I 
Section 6.3 



Learning objectives 
In ea rlier chapters, only single variables ha ve been consid ered . Now you w ill be workin g with 
pairs o f variables. 

After studying this chapter, yo u should be able to: 

• inves tiga te the stren gth of a linea r relationship between two variables by using suita ble 
sta ti stica l analysis 

• eva luate and interpre t the produ ct m om ent correlati on coe fficie nt. 

7 .I Scatter diagrams 

Scatter diagrams are used where we are examining 
poss ible relationships between two variables. 

An athl e te, recovering from injury, had her pul se rate meas ured 
after performing a predetermined number of step-ups in a 
gymna sium. The m easurements were made at weekly interval s. 
The table below sh ows the number of step-ups, x, the pul se rate, 
y bea ts per minute, and the week in which the m easurem ent wa s 
made. 

Week 1 2 3 4 5 6 7 8 

X 15 50 35 25 20 30 10 45 
y 114 155 132 11 2 96 105 78 11 3 

To construct a scatter dia gram you simply plot point s with 
coordinates (x, y ) for each of th e 8 weeks. 



Pu lse rate 
(beats per 
minu te) 

y 
160 

140 

120 

100 

80 

0 

X 

10 

X 

X 
X 

X 

X 

20 30 40 
Numbe r of step- ups 

In thi s case, as yo u would expect, the re a ppea rs to be a clea r 
tend ency for th e pul se rate to increase with the number o f 
step-ups. 

7.2 Interpreting scatter diagrams 
Interpre tin g a sca tter dia gram is often the easies t way for 
you to decide w hether correlation ex ists. Corre lat ion mea n s 
that the re is a linea r re lationship be tween the two 
va riabl es. Thi s could m ea n that the points lie on a s tra ight 
line, but it is mu ch m o re like ly to m ea n that th ey a re 
sca tte red about a strai ght line. 

Corre/auon 125 
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The main types of scatter diagram 
Pos iti ve corre la ti on Nega ti ve corre la tio n 

y X 
X X 

y 
X X 

X X 
X 

X 
X X 

X 
X X xx 

X X 

• pos itive or • negative or 
direc t inverse 
correlation correlation 

• little or no 
correla tion , 
no linear 
rela tionship 

X 

• x increases as 
y increases 

• x decreases as 
y increases 

• x and y are not 
linked 

• clear linear 
relation ship 
ex ists. 

• clear linear 
relation ship 
ex ists. 

• x and y appear 
to be 
independ ent. 

y 
X 
X 

X 

XX 
X X 

X X 

y 

X 

xx 
X X 

X 
X XX 

X X 
X X 

X 

• x and y are cl early linked by a non-linear rela tionship . 

7.3 Studying results 
The table below gives the marks obtained by ten pupil s taking 
math s and physics tes ts. 

Pupil A B c D E F G H 

Maths mark 
(out of 30) 

X 20 23 8 29 14 II II 20 17 

Physics mark 
(out of 40) 

y 30 35 2 1 33 33 26 22 31 33 

Is there a connection between the marks obtained by the ten 
pupils in the maths and physics tests? 

J 

17 

36 

The starting point would be to plot the marks on a sca tter diagram. 

The areas in th e bottom -right and top-left of the graph are 
almos t empty so th ere is a cl ear tend en cy for the point s to run 
from bo ttom-left to top-right. Thi s indica tes that pos itive 
correlation ex ists be tween x and y. 

Ph ysics 

40 

35 X X 
XX 

* 
X 

30 

25 X 

20 
xx 

5 10 15 20 25 30 
Ma th s 



Ca lcu lating the mea ns: 

x = 170 = 17 

and 
10 

y = 300 = 30. 
10 

Us ing these lines, the gra ph ca n be d ivided into four reg ions to 

show this tendency ve ry clearly. 

Ph ys ics x = 17 40 

35 X X 
X xx X 

30 · X y = 30 

25 X 

X 
20 

5 10 I S 20 25 30 
Ma rhs 

The table below gives the marks ob ta ined by the ten pupils 
ta king maths and hi story tes ts. 

Pupil A B c D E F G H 

Maths mark 
(outof30) 

X 20 23 8 29 14 II II 20 17 

History mark 
(out of 60) 

J 

17 

z 28 2 1 42 32 44 56 36 24 51 26 

Ca lcul atin g the mea n fo r z: 

z = 360 = 36 
10 

The sca tter di ag ram for math s and hi story shows a clea r 
tendency for points to run from top- left to bottom-right. Thi s 
indica tes that nega tive correla ti on ex ists be tween x and z. 

7.4 Product moment correlation 
coefficient (PMCC) 

(Thi s is often known as Pearson's correlation coefficient 
after Karl Pearson, an appli ed mat hematician who worked on 
the app lica ti on of sta ti stics to genetics and evolution.) 

How can the strength of correlation be quantified? 
There are two main points to consider. 

• How close to a stra ight lin e arc the points? 

• Is the correlation pos itive or nega ti ve? 

Correlation I 21 

Note: importance of scale. 

Consider this change, 
Physics 
100 

75 

50 

25 X 
XX 

X 

OSL-~--~--L-~--~ 
10 15 20 25 30 

Maths 

The appearance of the scatter 
diagram is now very different. 
The existence of correlation is 
much more difficult to identify. 
Scales should cover the range of 
the given data. 

History 
x = 17 60 

X 
50 X 

X 
40 X 

X z = 36 

30 X X 

20 
XX 

5 10 I S 20 25 30 
Mar hs 

I 
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The prod uct moment correlation coefficient, r, gives a 
standardised measure of correlation w hich can be used for 
compari sons between different sets of data . 

SXX' S yy and S xy are used to eva luate r w here: 

Sxx = 2: (x,- xY, S yy = 2: (y1 - jl )2 and 

S xy = 2: (x1 - x)(y1 - y) 
Sxy r is given by 

Vsx~yy 

Formula 
The computational form of this equation which is most 
commonly used is : 

f Ix~y i :, , Ixy - --
f.r r = ----;::.=======n======--

{ y- (~ I ' }{ U'- (~I' } 

Values of r 
Some worked examples 
Returning to the maths and physics mark s in section 8.2. 

To illustrate the calcu lation involved in eva luating r, the 
following add itiona l summation s are needed: 

2:x2 = 3250, 2:y2 = 9250, Ixy = 5 313. 

You can then see that 

s = 3250 _ ..!.Z0
2 

= 360 
XX 10 

and 

s = 9250 -
30~ = 250 

yy 10 

Then, S xy = 53 13 -
170 

X 
300 

= 213 
10 

So 

r = 
2 13 

= 0.7 1 
Y360 X 250 

Thi s, of course, can be found directly from your calculator. 

The interpretation of the value of r is very important. The va lu e 
of r tells you how close the point s are to lying on a straight 
line. 

These formulae are given in the 
AQA formulae book. 

r is obtainable directly from all 
calculators with regression 
facility. This is recommended in 
the exam. 

y 

Sketches to illustrate examples 
of possible values of r. 

X 

X 
X 

X 

X 

X 
X 

X 

r = + I 

X 
Exact pos itive correlation 

y 
X 

X X X 
X 

X X 

X X 
X X 

X r = + 0.6 

X 
Weak pos iti ve correlation 

y 

X X 

X X 
X 

X 
X 

X 

X 

X 
X 

X 

X 

r = O 

X 
No correlation 



It is always true that: 

- I :s r :s + ! 

r = + I indicates ALL t he points lie on a line with 
positive gradient 

r = - ! indicates ALL t he points lie on a line wi th 
neg a rive gra dient 

r = 0 indicates that there is no linear connection at 
a ll be tween the two sets of data . 

The value obtained in thi s example, r = 0.7 L, would indicate a 
fairly strong positive correlation between the tes t score in maths 
and th e tes t sco re in ph ys ics. 

Worked example 7.1 
A group of 12 children participated in a psychological st udy 
des igned to assess the re lationship, if any between age, x years, 
and average total sleep time (ATST), y minutes. To obtain a 
meas ure for ATST, recordin gs were taken on each child on fi ve 
con secutive ni ght s and th en averaged. The results are below. 

Child Age ATST 
x (years) y (minutes) 

y 

A 4.4 586 
X 

B 6.7 565 
X 

c 10.5 515 X 
D 9.6 532 550 
E 12.4 478 

F 5.5 560 X 
G I I. I 493 ATST 

/-{ 8.6 533 X 

14.0 575 500 
J 10.1 490 
/( 7.2 530 

L 7.9 515 

Calculate th e product m omen t correlation 
coe ffi cient between x and y and interpret 4504 6 8 
your res ult. 

Solution 
Lx = !08 and ~y = 6372 

L.x2 = 1060. 1, I y2 = 3 396 942 

Lxy = 56 825.4 
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y 
XXX r =-0.65 

X X 
X 

X X 
X X 

X 
X 

X 
Weak nega tive correla ti on 

y 

X X 

xx 
X 

r = - 0.9 

X 
xx 

X 
Strong negative corre lation 

x= 9 

X 

x .x 

X 

X 
X 

X 

10 12 14 X 

Age 

I 

y = 53 1 
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Then 

So 

1082 

Sxx = 1060.1 ---= 88 .1 
12 

63722 

s ' = 3 396 942 - -- = 13 4 10 
Y\ 12 

108 X 6372 
Sxy = 56 825 .4 -

12 
= - 522.6 

- 522.6 
r = \ 88. 1 X 13 4 10 = - 0 .48 I ( to 3 s. f. ) 

Considerin g the va lue of ra nd the sca t.t er diag ra m , th ere is 
evide nce of wea k nega tive co rrela tion between age a nd ATST. 
Thi s wo uld indicate tha t older children have less ATST th a n 
younger chi ldren . However, th e re la ti onship is fa ir ly wea k. 

Worked example 7.2 
The foll owing da ta indica te th e level of sa les for ten models of 
pen sold by a pa rti cul a r co mpa ny. The sa les, toge ther w ith the 
se lling price of the pen , a re g ive n in the ta ble below. 

y 
Mod e l Price, Sa le s, 35 

X (£ ) y (OOs ) 

A 2.5 30 30 X 
B 5 35 

c 15 25 25 
D 20 15 

Sa les 
E 7.5 25 20 
F 17.5 10 

G 12 15 15 
H 6 20 

25 8 10 
J 30 10 

X 

X 

X 

Note that it would be worth 
investigating child I who seems to 
have an abnormally high ATST. 
Perhaps the child was ill during 
the experiment or perhaps there 
is some other reason for the 
excessive amount of sleep. 

X 

X X 

X X 
X 

~ = 140.5 :=:y = 193 
50~-------L--------L---------~ 

10 20 X 

~2 = 2723.75 :=:y2 = 4489 ~y = 2087.5 

Pl o t these da ta on a sca tter di agram. Evalua te the produ ct 
moment correla tion coe ffi cient a nd in terpre t your a nswers w ith 
referen ce to th e da ta su pplied . 

Solution 
140.52 

Sxx = 2723.75 - -- = 749.725 
10 

193 2 

s = 4489--- = 764 .1 
YY I 0 

Price 

Note that care must be taken 
not to approximate prematurely 
in calculations or else r may be 
inaccurate. 



Then, 

S xy = 2087.5 -
1 40 · 51 ~ 

193 
= - 624. 15 

So 
-624. 15 

r = Y749.72 5 X 764. 1 = - 0·825 (to 3 s.f.) 

Considerin g the va lue of r and the scatter di ag ram, there is 
evidence of qui te strong negative co rrela tion betwee n x and y. 

This would indica te tha t there arc fewer sa les of the more 
ex pensive pens and th is trend follows a linea r rela tionship . 

7.5 Limitations of correlation 
It is very important to remember a few key points about 
correlat ion. 

Non-linear relationships 

As illu strated in secti on 7.2, r measures linea r rela tionships 
on ly. It is of no use a t a ll when a non-linea r rela tionship is 
evident. There ma y well be a very clea r rela ti onship 
between the var iab les being considered but if tha t 
rela tionsh ip is not linear then r will not help a t all. 

The scatter d iagram shou ld revea l thi s. 

Cause and effect 
A student does some resea rch in a primary schoo l a nd di scove rs 
a very strong direct correla ti on be tween length of left foo t and 
score in a mental ma th s tes t. Docs thi s mea n that stretchin g a 
chi ld' s foot wi ll make them perfo rm better in ma th s? 

Clea rly thi s is ridiculous a nd the probable hidden fac tor is age: 
older ch il dren have bigger fee t and a better ability a t math s. 

The co rrela ti on found be tween foot length and score in 
math s is o ften ca ll ed spurious and should be treated with 
caution. 

Freak results 

An unu sual res ult ca n dras tica ll y alter the va lue of r. 
Unex pected res ults should always be commented upon 
and inves ti ga ted furth er as their inclusion or exc lusion 
in any calcu la ti ons ca n completely change the fin al 
res ult. 

Corre/auon I J I 

Using prematurely rounded 
figures: 

s)(J( = 750 and syy = 764 

Sxy = - 624 

- 624 
r = \/750 X 764 

- 624 = ~ = - 0.824 (to 3 s.f.) 

An error has now occurred. 
It is only the final answer which 
should be rounded to three 

significant figures. 

Remember it is recommended 
that r is obtained directly using a 
calculator. 

Note that clear non-linear 
relationships identified on scatter 
diagrams should always be 
commented upon but the 
evaluation of r is not appropriate. 

Note that any suggestion that 
correlation may indicate cause 
and effect in the relationship 
between two variables should be 

considered very carefully! 

<
Foot length 

Age 

Mentalmath s <;core 

I 
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Imagine the effect on r if the point Pi s to be removed from 
correlat ion calcu lat ions using th e data below. 

:X= 12 r = 0.706 x = 10 
y y 

r= O 
30 X P 30 

25 25 

20 20 

15 X X X 15 X X X 
10 X X X 

y = 12 10 X X X y = 10 

5 X X X 5 X X X 

5 10 15 20 25 30 X 5 10 15 20 25 30 X 

Worked example 7.3 
Plot scatter diagrams on separate axes for the followin g data 
se ts: 

(a) X 15 10 5 20 25 10 25 10 

y 3 2.5 5 5 4 5 5 3 

(b) X 2.5 2.8 3 3.2 4.5 5 6 8 

y 20 14 10 8 6 4 3 2 

It has been suggested that the product moment corre lation 
coefficient should be eva luated for both se ts of data. By carefu l 
exam ination of yo ur scatter diagram s, comment on thi s 
sugges tion in each case. 

Solution 
(a) The scatter diagram indicates littl e or no correlation 

between the two variabl es. r cou ld be evaluated but would 
clearly be close to zero. 

y 

6 

5 

4 

3 

X 

5 

X 

X 

X 

10 

X X 

X 

X 

15 20 25 X 

(b) r may well indicate fairly s tron g negative corre lation 
be tween the two variables but the scatter dia gram clearly 
shows that th e re lationship is n on-linear and h ence r is an 
inappropriate m easure. 



y 

20 X 

X 

10 X 
X 

X 
X X 

X 
02 4 6 8 X 

Worked example 7.4 
A ta sting panel was asked to assess bi scuits baked from a new 
recipe. Each member was as ked to ass ign a score from 0 to 100 
fo r tex ture (x ), for navour (y) and fo r swee tness (z). 

The scores ass igned by the ten tas ters were as fo ll ows: 

Taster 2 3 4 5 6 7 8 9 10 

X 43 59 76 28 53 55 8 1 49 38 47 

y 67 82 75 48 9 1 63 67 5 1 44 54 

(a) Draw a sca tter di ag ram to illu st rate the data. 

(b) Ca lculate the va lue of the product moment co rrela ti on 
coeffi cient between x and y. 

(c) Sta te, brieny, how yo u would ex pect the sca tter di ag ram to 
a lter if the tas ters were give n tra ining in how to ass ign 
scores before the tas ting took place. 

(d) Given that l (Z; - 2)2 = 25 16.9 and l (y;- y )( Z;- Z) = 1979.8, 
ca lculate the product moment co rrela ti on coeffi cient 
betwee n y and z. 

Solution 
(a) y 

X 

80 
X 

X 

X 
X X 

60 

X 
X 

X 
X 

40 
20 40 60 80 X 
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(b) LX= 529, X= 52.9, ~y = 642, y = 64.2 

~xy = 35 187, ~x2 = 30 339, ~y2 = 43 334 

s = 30 339 -
522.:.. = 2354.9 

u 10 

642 2 

and S>cv = 43 334 - ~0 = 2 11 7.6 

and S xy = 35 I87 -
529 

X 
642 

= 1225.2 
10 

I225 .2 
therefore, r = 1 = 0.549 (to 3 s.f. ) 

\ 2354.9 X 2 11 7.6 

(c) The scores wou ld be less va riabl e. 

The scatter dia gram wou ld be m ore compact but the overa ll 
shape would be similar. 

(d) 

therefore, 

r = 1979.8 = 0 .858 
Y2II7.6 X 2516.9 

Worked example 7.5 
The following data show the ann ual income per head , x ($US), 
and the infant mortality, y (per thou sa nd live birth s ), for a 
sample of II co untries. 

Country X y 

A 130 150 

B 5950 43 

c 560 12 1 

D 20 10 53 

E 1870 41 

F 170 169 

G 390 143 

H 580 59 

820 75 

J 6620 20 
/( 3800 39 

~X= 22 900, ~x2 = 102 724 200, 

~y=9 1 3, I i = 103 5 17, ~xy = 987 130. 

Note that a calculator can be 
used to obtain r directly. 

Training would lead to a more 
consistent scale for x and y. 
W ithout training, people's views 
on texture or flavour would vary 
widely. 

A calculator cannot be used to 

obtain r directly in this case - the 
formula must be used. 



(a) Draw a sca tter dia gram of the data . Describe th e 
re lationship be twee n income per head and infant mortality 
suggested by the dia gra m . 

(b) An eco nomi st asks you to ca lcul a te the product m oment 
correlation coe ffi cient. 

(i) Ca rry out this calcul a tion . 

(ii) Explai n briefly to th e economi st w hy thi s calculati on 
m ay no t be appropriate. 

Solution 
(a) y 

160 X 

X 

140 X 

120 X 

100 

Infant 
mort ality 80 X 

60 X 
X 

40 X X 
X 

20 X 

0 2000 4000 6000 X 

Income 

Infa nt mortality appears to dec li ne as inco me per head 
increases. 

The decrease is no t uniform but is much mo re ma rked 
for th e very low incomes th an for th e higher income 
countries. 

(b) (i) sxx = 102 724200 -
22 9002 

= 55 050 563.64 
l I 

9 1Y 
and S vv = l 03 5 17 - -- = 27 738 

·· II 

and Sx1• = 987 130 -
22 900 

X 
9 13 

= - 9 13 570 
· II 

- 9 13570 
therefore, r = V55 050 563 .64 X 27 738 = - 0. 739 

(to3s.f.) 

Correlation I 3 5 

Note that this can be found 
directly from a calculator. 
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(ii) PMCC m easures the strength of a linear relationship. It 
is not a suitable measure for data which cl ea rly shows 
a non-linea r rela ti onship, as in thi s case. 

EXERCISE 7A 
1 (a) For each of the followin g sca tter dia gram s, sta te whether 

or not the product moment correlation coefficient is an 
a ppropriate meas ure to use. 

(i) y 

(iii) y 

XX 
XXX 

XXX 
XXX 

XXX 
XXX 

XXX 

r = + I 

X 
X xX X 

X 
XX 

X 
xx 

xx 
X XX 
X X 

X 

r = - 1.2 x 

( ii) y X 
X 

x xXxx 
X X X 

X X X X X 
X 

X X X 
X X X 

X 

r = - 0.3 

(b) State, giving a reason, whether or not the va lue 
und erneath each dia gram might be a poss ible value of 
thi s correlation coefficient. 

X 

2 Estimate, without undertaking any calculations, the 
product moment correlation coefficient be tween the variables 
in each of the scatter diagrams given : 

(i) y (ii) y 
X 

X 
X 

X 
X 

X X 

X 

X 

(iii) y X (iv) y 
X 
xx 

X 

X 
xx 

X 
X 

X 

X X X 
X X 

X X X X 
X X X X 

X 
X Xx X 

X X X 
X X 

xXx xXx 

X 

X X X X 
X XX X 

X X X 

X 

Look back to the beginning of 
section 7.5. A clear curve is seen. 



3 

4 

For each of th e fo llowing se ts of da ta: 

(a) draw a scatte r dia gram, 

(b) calculate th e produ ct mo ment corre lat ion coe ffi cient 
be tween x and y. 
(i) X 3 6 10 12 

y 5 13 25 4 1 49 

(ii) X 3 6 10 12 

y 44 34 24 14 4 

(iii) X 3 5 5 

y 5 I 3 I 5 

(iv) x 3 6 9 II 

y 12 28 37 28 12 

The diame ters o f th e la rges t lichen s growing on graves tones 
were measured . 

Age of gravestone Diameter of lichen 
(x years ) (y mm) 

9 2 
18 3 
20 4 
31 20 
44 22 

52 4 1 
53 35 
6 1 22 

63 28 
63 32 
64 35 
64 4 1 

11 4 51 
14 1 52 

(a) Plot a sca tte r diag ra m to show the data. 

(b) Ca lcula te the va lues o f .X a nd ji a nd show these as verti ca l 
a nd ho rizonta l lines. 

(c) Find th e valu es o f Sw SYY and r. 

5 A m e ta l rod was gradu a ll y hea ted a nd its leng th , L, an d 
tem pe ra ture, T, were m eas ured seve ra l tim es. 

Temperature, Length, 
T ( C) L (em) 

14 100.0 
2 1 103 .8 
24 100.6 
29 111 .0 
37 11 6. 1 
40 11 9.9 

Correlation 137 
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(a) Draw a sca tte r dia gram to show the da ta , plo ttin g L 
aga ins t T. 

(b) Find th e va lue o f r, th e product moment correla tion 
coefficient. 

(c) It is suspected tha t a m ajor in accuracy ma y have occurred 
in one o r m ore of th e record ed va lues. Di sca rd any 
readings w hich you consid e r m ay be untru stworthy and 
find the new va lue for r. 

Comment o n your res ult s. 

6 In a wo rk sho p produ cin g ha nd -m ade goods a sco re is 
ass igned to each fini shed item on the bas is o f it s q ua lity 
(the be llcr the qu a lity th e hi ghe r the score ). The number o f 
item s produced by each of 15 cra ft sm en on a pa rti cular day 
a nd th e ir ave rage qu a lity score a rc g iven be low. 

No. of items Average quality 
Craftsman produced, x score, y 

14 6.2 

2 23 7.3 

3 17 4.9 

4 32 7. 1 

5 16 5.2 

6 19 5.7 

7 17 5.9 

8 25 6.4 

9 27 7.3 

10 31 6. 1 

II 17 5.4 

12 18 5.7 

13 26 6.9 

14 24 7.2 

15 22 4.8 

(a) Draw a sca tte r diagram to show th e d ata. 

(b) Calcul a tc the produ ct m om ent corre la tion coeffi cient 
be tween x a nd y. 

(c) Th e owner of the firm beli eves th at the qua lity o f th e 
o utput is suffe rin g beca use som e of th e cra ft sme n a re 
working too fas t in o rd e r to increase bo nu s paym ents. 
Ex pla in to him the m ea nin g o f your res ult s, a nd s ta te 
w ha t evid ence, if a n y, th ey prov id e fo r or aga ins t hi s 
be li ef. 



7 During the summer of 1982 the Na ti onal Leisure Council, on 
behalf of the Government, conducted a survey into al l aspects 
of the nation' s leisure time. The table shows the amount 
spent per month on sporting pa stimes and the total amoun t 
spent per month on all leisure act iviti es for a random sa mple 
of 13 young married men. 

Man Amount on sport, x Total amount, y 

A 9.0 50. 1 

B 4.2 46.6 

c 12.9 52.4 

D 6. 1 45. 1 

E 14.0 56.3 

F 1. 5 46.6 

G 17.4 52.0 

f-{ 10.2 48 .7 

I 18. 1 56.0 

J 2.9 48.0 

!( 11 .6 54. 1 

L 15.2 53 .3 

M 7.3 5 1.7 

(a) Draw a sca tter diagram for thi s da ta . 

(b) Ca lcul ate the product moment co rrelation coeffici ent for 
the data. 

(c) Comment, with rea sons, upon the usefuln ess, or 
otherwise, of the above co rrela tion analys is. 

8 A clothing manufacturer coll ected the fo llowing data on the 
age, x month s, and the maintenance cos t, y (£),of hi s sewing 
machines. 

Machine Age, X Cost, y 

A 13 24 

B 75 144 

c 64 11 0 

D 52 63 

E 90 240 

F IS 20 

G 35 40 
f-{ 82 180 

25 42 

J 46 50 
!( 50 92 

(a) Plot a sca tter diagram of the da ta. 
(b) Ca kula te the product momen t co rrela ti on coeffic ient. 

(c) Com ment on your res ult in (b) by making reference to 
the sca tter diag ram drawn in (a) . 

Correlauon I J 9 
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9 The followin g data relate to a random sa mple of 15 males, 
all aged be tween 40 and 60 yea rs. The mea surem ents given 
are th e level of hea rt fun cti on (out of 100), the percentage of 
ba ldness and the average number of hours spent watching 
television each day. 

Male Heart function Baldness (%) Hours of TV 

I 42 83 6.2 

2 65 66 2.2 

3 86 32 1.8 

4 32 74 8.3 

5 56 69 7.6 

6 48 74 6.5 

7 92 25 0.8 

8 78 30 5.9 

9 68 32 2.2 

10 52 54 4.4 

II 53 58 4.6 

12 69 76 2.7 

13 57 63 5.8 

14 89 38 0.2 

15 65 41 4.6 

(a) Calculate the va lue of th e product moment correlat ion 
coefficient between hea rt function and percentage 
baldness. 

(b) Ca lculate the va lue of the product moment correlation 
coefficient between hea rt function and average number 
of hours of te levision watched per da y. 

(c) Comment on the va lues of the correlation coefficients 
found in (a) and (b) and interpre t your results. 

(d) Do you consider that males aged between 40 and 60 
shou ld be advi sed to redu ce the number of hours that 
they spend watching television in order to ensure a 
better heart function ? Explain your answer. 



Key point summary 

A scatter diagram shou ld be drawn to jud ge 
wheth er corre lation is present. 

p/24 

2 The produ ct m oment corre lation coeffi cient, 

" -- v i y 
p/28, 129, 131 

LAy - --
n 

Remember, thi s can be found direc tly u sing a 
ca lculator. 

r is a m eas ure of linear re lationship onl y and 
- l :::; r :::;+ l 

or 

Do not re fe r to r if a sca tte r dia gram clea rly shows a 
non-linea r connection. 

3 r = + I orr = - I implies that the points a ll exactly p 129 
li e on a straight line . 

r = 0 implies no linea r re lationship is present. 

But ... n o linea r relationship be twee n th e variables 
does not necessa rily mean that r = 0. 

4 Even if r is close to + 1 or - 1, no causal link should p 131 
be assumed between the variables without thinking 
very ca re fully about the nature of th e da ta involved . 

Re member the fee t s tretchin g! Will it rea ll y help you 
to get better at maths? 

Correlat1on 141 
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Test yourself 

l Which of th e followin g co uld not be a va lue for a product 
moment correla tion coefficient? 

(a) r = 0.98, 

(b) r = - 0.666, 

(c) r = 1.2, 

(d) r = 0.003. 

2 Which of the followi ng sca tte r dia gram s ha s a corresponding 
product moment corre lation coefficient g iven which is not 
a pp ropria tc? 

(a) r = - 0.86 

y 

X 

X 
X X 

X X 

X 

X 

(b) r = 0.784 

y 

X 

X 

X 
X 

X X X 
X 

(c) r =-0.145 

y 

X X 
X X 

X 
X 

X X 
X 

X 
X 

What to review 

Section 7.4 

Sec tion 7.4 
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Test yourself (continued) What to review 

3 For the fo llowin g data, plot a scatte r dia gra m and eva luate th e Section 7.4 
produ ct m om ent correlation coeffi cient. 

X 8 6 5 2 - I - 3 - 6 

y -9 -8 - 8 0 - 5 2 7 

4 Expla in th e mea nin g o f spuriou s corre lation wi th refere nce to 
th e fo llowin g s tatement : 

' Between 1988 a nd 1998, th e produ ct moment corre lat ion 
coeffi cient between the number of incident s o f viole nt ju ve nil e 
o ffences taken to court each yea r a nd the avera ge number o f 
ho urs per week which 16- to 19-year-old s spent watching 
te levision wa s found to be 0 .874, indica tin g a hig h leve l o f 
corre lation.' 

5 The we ight losses for ten fema les enro ll ed o n the sa m e Watch 
and Weight co urse at a loca l Sport s Centre are give n be low. 

Weeks on course Weight loss (kg) 

5 7 .6 

15 23 

12 19.6 

3 1.2 

10 17.4 

8 15.2 

20 25.5 

10 14 

5 2.4 

8 9.5 

(a) Pl o t a scatter dia gram . 

Section 7.4 

Section 7.4 

(b) Eva lu a te th e product momen t correlation coefficient and comment o n it s va lue, refe rrin g 
a lso to th e sca tter dia gram . 

I 



l (c ). 

2 (c ). 

3 r = - 0 .904. 

X 

Graph of y against x 
y 

X 

- 4 

8 

4 

0 

- 4 
X 

- 8 

4 8 X 

XX 
X 

4 Spuriou s re fe rs to th e fact tha t the link be tween the two va ri a bles ma y 
no t be ca u sa l. They ma y be two effects from a diffe rent cau se . 

5 (a) Graph of weight loss against time on course 
y 

25f- X 
X 

20 ~ X 

X 
Weight 15 ~ X loss X 

(kg) 

10 ~ X 

X 

5 ~ 
X 

0 X 
0 4 8 12 16 20 X 

Time on co urse (week s ) 

(b) r = 0.936. Strong pos iti ve co rre lat ion. Some sugges tion from 
sca tter di ag ram that we ight loss is reaching a pea k. 

SH3MSN'V Jlas.mo.< ~sa.1 
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Learning objectives 
Thi s chapter con tin ues with the ana lys is o f biva riate data that was sta rted in ch apter 7. 

After studying thi s ch apte r, you sh o uld be able to : 
• find the equation of regress ion lines using th e m e thod of leas t squares 
• interpre t th e va lues obtained for the gradi ent and inte rcep t o f your regression line 
• plot a regress ion line on a scatter dia gram and u se the li ne for prediction purposes 
• ca lcu la te res idual s and, when appropriate, use them to check the fit of a reg ress ion line and to 

improve predicti on s. 

8.1 What is regression analysis? 
In li near reg ress ion ana lys is, bivariate data are fir st examined by 
drawin g a sca tte r dia gram in ord er to de termine wh eth e r a 
linea r re la tion sh ip ex ists (by eye or by findin g the produ ct 
mom ent co rre lation coe ffi cient or PM CC) . Then th e actua l 
equation of the line o f bes t fit is ob tain ed in the form : 

y = a + bx 

This is ca lled the 

line of y on x. 

This equ a tio n may then be used to predi ct a va lue o f y fro m a 
given va lue o f x. 

8.2 Nature of given data 
It is a lways advi sab le to think about th e type of data in volved 
before any reg ress ion ana lys is is s tarted . 

For exa mple: 

The regression line is often 
called the line of best fit. 

Remember that we are still 
considering linear relationships 
(straight lines) only. 

Look back to section 7.2. 

On the scatter diagram, y is 
plotted on the vertical axis and x 
on the horizontal. 

In pure maths, you may be more 
familiar with the line equation as 

y = mx + c 

In cases I and 2, x can affect y 
but y can't affect x. Regression 
line of y on x is appropriate. 

X 

1 Height of mother 

2 Load ca rried by lorry 

3 Bread th of skull 

y 

Height o f daughter at age 2 1 

Fuel consumption of lorry 

Length of sku ll 

} 
/ 

In case 3, both x and yare 
influenced by other factors which 
are not given - correlation is the 
best analysis. 

I 



146 RegressiOn ,' 

f If y can, sensibly, be predicted from x, then 
~ y is ca lled the dependent or response va riable and 

f x is ca lled the independent or explanatory variable. 

Consider cases 1 and 2. 

The sca tter di ag ram s involved might look like these . 

y 

170 

160 
Height 

(daug hter) 

150 

Short mum, 
tall daughter 

\ 

Case 1 

•"-. Ta ll mum, 
short er 

daugh ter 

1 30~--~--~----~--~----~---. 
130 140 150 160 170 180 X 

Height (mother) 

Case 2 
y 

6 

Cons umption X High km/1 1 for 

5.5 
big load 

Low km/1 / X 
for load 

5 
4 5 6 7 8 9 10 II 

Load 
X 

In each case, x is the explanatory variab le and it s va lues are 
fixed at the start of the ex periment. 

Clea rl y, a mother's height is known well before her daughter 
reaches the age of 21. 

The load to be ca rried by a lorry wou ld be mea sured before th e 
trial to find fuel consumption. 



Some questions to consider 
• How can the regression line be ob tained? 

• How good is the fit of the line? 

• What do the pos itions of the individual po ints mea n? 

8.3 Residuals 
If you return to case 2, the data suppli ed was as follows: 

X 

lorry load 
(OOOs kg) 5 5.7 6 .5 7 7.6 8.5 9.5 

y 
fuel 
consumption 
(km J- 1) 6.2 1 6. 12 5.90 5.62 5.25 5.4 1 5.32 

The product moment correlation coefficient 
(PMCC) 

10.5 

5. 1 I 

r = - 0.92 1 which indicates a strong nega ti ve correla tion 
between fu el consumption and load. The points are a ll close to a 
stra ight line. 

How close are !hey and where should !he line be placed? 

The verti ca l di stances draw n on the sca tter diagram are labe lled 
d;. These are ca ll ed the residuals . 

y 

6 

Consumption 

5.5 

5 6 7 8 
Load 

dg 

II X 

The res idua ls measure how far away, for they va lues, each poi nt 
is from the line of bes t fit. The sum of the sq uares of these 
di stances is minimi sed to find the line of reg ress ion of yon x. 

RegressiOn I 4 7 

The PMCC can be found. 
See comments on the scatter 
diagrams. 

Note that the fuel consumption 
is given here in km 1- 1• A low 
value indicates that the lorry is 
using a lot of fuel, while a high 
value indicates economical fuel 
usage. 

Residuals can be positive (points 
above line) like d2, d3, d7 or 
negative (points below line) like 
d-4, d5• 

Occasionally, a point might lie 
exactly on the line. 

For each point, the residual is 
the difference between the 
observed value of y and the value 
of y predicted by the line. 

I 
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8.4 Finding the regression line 
f The regression line is ob tained using the method of least p squares and the li ne is often ca lled the least squares 
f regress ion line. 

The formula is: 

- SX\' -
(y - y ) = ~ (x - x ) 

Sxx 

Written in fu ll: 

(y-jl ) = 

:=:xy -­--- xy 
n -

'> 2 (x - x ) 
~X -2 ---x 
n 

Using the formulae 
For these data (sec tion 8.3) 

x = 7.5375, 

'\ -~XY- 333.704, 

y= 5.6 175, 

I x2 = 479.2 5. 

n = 8, 

So the equation of regress ion of yon x using the method of least 
squares is: 

( i X 333.704- 7.5375 X 5.6 175) 

(y - 5. 61 7 5 ) = ( ) X (X - 7. 53 7 5 ) 
_!_ X 479.25 - 7.5375 2 

8 

Soy- 5.6 175 = - 0 .203 38 (x - 7.5375) 

andy= 7.15- 0.203x is the regress ion equation . 

/ ~ 
intercept on y-ax is gradient of line 

at x = 0 

8.5 Interpretation of line 

f i ;, . The regress ion line gives som e important information 
f.Y about the exact nature of the relationship between x andy. 

The gradient and intercept values shou ld always be commented 
upon by reference to the data involved . In this case: 

a = 7.15 

d1
2 + d2

2 + dl + ... + d8
2 or L d.2 

I 

is minimised. 

From this, you should see that 
the point (X, Y) always lies on 
the regression line. 

The regression equation can be 
obtained directly using a 
calculator. This is quite 
acceptable in an exam. 

Remember that this is an 
equation connecting x and y. 
y will remain on the left-hand 
side and x on the right. 

Be very careful not to round 
prematurely. 

The equation can be obtained 
directly from a calculator. Check 
carefully as some calculators give 
the equation as 
y = ax + b rather than 
y = a + bx. 

In this case, comments are 
required referring to fuel 
consumption and load. 



Thi s intercept valu e gives a n es timate o f the amount of fu e l 
con sumption, y, w hen the load , x, is zero . Thi s te ll s you that th e 
fu e l consumption of an unladen lorry is 7. 15 km 1- 1

• 

b = - 0 .203 

The gradi en t indicates, in this case, tha t y decrea ses as x 
increases. Specifica ll y, the fue l con sumpti on, y, decreases by 
0 .203 km 1- 1 for every extra 1000 kg of load . 

8.6 Plotting the regression line 
As seen ea rlier, the point (x, jl) a lways lies on the leas t sq uares 
regression line. This point should be plo tted on your sca tter 
diagram. 

To comple te plotting the line accurate ly, one or preferab ly two 
other points should be plotted . 

Any suitable va lues for x can be chosen but they need to be 
spread out over the given ran ge. For exa mpl e; 

when x = 5.5 gives y = 6.0 (7 . 15 - 0 .203 x 5.5) 

and w he n x = l 0 gives y = 5. 1 (7. 15 - 0.203 X I 0). 

The three po ints (5 .5, 6.0) ( 10, 5. 1) and (7.54, 5.62) ca n be 
joined to draw the regression line. 

8. 7 Further use of residuals 
Co n sid e r th e data we are exa minin g in case 2 but imagine 
that m o re informati o n ha s now become avai lab le. It h as been 
di scove red th a t three diffe re nt dri ve rs, Ahm ed (A), Brian (B) 
and Ca ro le (C), we re in vo lved in the trial. Their indi vidual 
resu lts were : 

Driver c B c A A c B B 

X 

load (OOOs kg) 5 5.7 6.5 7 7.6 8.5 9.5 10.5 

y 
consumption 
(km J- 1 ) 6.2 1 6. 12 5.90 5.62 5.25 5.4 1 5.32 5.11 

Regressron I 4 9 

7.1 5 and 0.203 are estimates and 
are unlikely to be exactly correct. 

(X, Y) = (7.54, 5.62) 

Warning! Never assume that 
any of the give n data points 
will lie on the line . 

~ means an estimated value of y. 
Many calculators will find ~ 
directly for a given x. 

I 
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The sca t ter dia gram can now be further labelled with th is 
informati on . 

y 

6 

Consumpti on X 

5.5 
A 

B 
X X 
A 

B 
X 

5 
4 5 6 7 8 9 10 II 

Load 
X 

Considering the res idua l va lues, furth er deductions can be made. 

It seem s that Carole's fu el consumption va lues lie close to the 
predicted va lues given by the line of bes t fit. However, Ahmed 
ach ieves fu el consumption well be low those predicted by the 
line and Brian ach ieves high fu el co nsumpt ion . 

Thi s ex tra information is worth commenting on but a lwa ys be 
careful not to make rash judgement s, as there may well be other 
fa ctors involved, for example: 

Did all drivers have the same model of lorry? 

Did all drivers have the same age of lorry? 

Were the journeys of similar length? 

Were the journeys over similar types of roads? 

It would be very unfa ir on Ahmed if it was immedia tely 
ass umed that h e was a ' bad ' dri ver a nd he was sacked . 

8.8 Predictions 
How could the transport manage r of the freight company that 
Ahmed, Brian and Carole work for, use the reg ress ion line to 
predict the fu el consumption for the delivery of a specific load ? 

Severa l fac tors need to be consid ered : 

• How close to the line a re the points - is th e reg ression line a 
'good fit '? 

• Is it sensible to predict y from x? 

• What is the ran ge o f the x-va lues given from which the line 
was ca lcula ted? 

• What is th e size of the x-va lue from w hi ch a va lue of y is to 
be predicted? 

Note : 
• Use common sense in your 

interpretations 
• Always refer to the data 

given. 

You may well think of other 
factors. 

PMCC measures this, see chapter 7. 

Look back to section 4.3. 

These are the x-values given in 
the table of results. 



For an y reg ress ion line w he re th e fit is good , a nd it is se n sible to 
pred ict y from x, a va lue of y ca n be obta ined by su bs titutin g a 
value o f x in to y = a + bx. 

There a re limitation s to these pred ict ion s however. 

y 

8 

Consu 111 pti on 

4 

2 

Interpolat ion 

X X 
X Ex trapo lation 

__ Cannot assume 
line sti ll va li d here 

OL_ __ _L __ ~ ____ L_ __ _L __ ~----~---L--~~--. 

0 5 10 15 20 25 30 35 40 

Interpolation 

'-r------' 

Range of 
x given 

x va lues way beyond 
ran ge given 

It is pe rfec t ly va li d to u se th e leas t squ a res reg ress io n lin e 

X 

Load 

y = 7. 15 - 0 .203x to predict fu e l con sum pti on for load s be twee n 
5000 a nd I 0 500 kg. 

Thi s is ca ll ed interpolation . 

For exa mple, to fin d the predicted fuel co n sum pti on for a load 
of 8000 kg . 

y = 7. 15 - 0.203 X 8 = 5.53 km l - 1 (to 3 s.f.). 

Extrapolation 
Could the fu e l co nsumptio n be predi cted if th e loa d was 
30 000 kg (x = 30) ? 

Clea rl y, common sen se wo u ld indi ca te th a t thi s load is 
enorm ous com pa red to th ose load s g iven in th e orig in a l d a ta. 
The lo rry wou ld proba bly co ll a pse und e r th e we ight! 

RegressiOn I 5 I 

Look at this scatter diagram 
where the scale on the x-axis has 
been extended. 

5 ::5 x ::5 I 0.5 is the given range. 

8000 kg means x = 8. 

P is the notation for an estimated 
value of y, see section 8.6. 

Fuel 
? consumption 

I 



I 52 Regress1on 

Predi ct in g y fro m x, when x is o uts id e th e range of given 
data is ca ll ed extrapolation and is very da nge ro us as th e 
y-va lu e ob ta ined is li ke ly to be co mple te ly ina ccura te. 

Examples 
This sca tte r diagram shows the tim e in second s to run 100m 
aga inst the number of weeks of inten sive training undertaken 
by the a thl e te. 

There appears to be a linear re lation ship but clearly thi s ca nno t 
co ntinue indefinite ly. Th e numbe r o f seconds taken to run I 00 m 
w ill no t keep o n d ecreas in g but w ill probably level o ff w hen th e 
athlete is fu ll y fit a nd tra ined for the event. 

The second sca tter diagram illu s tra tes a poss ible relationship 
between the amount o f fertili se r used a nd the yie ld from a plo t 
o f tom a to pla nts. 

Again, it appea rs th a t there is a strong linea r re la tio nship 
between yie ld and amount of fert ili se r, but clear ly th e yie ld w ill 
not cont inue to in crease in thi s way and, in fact, it wi ll probab ly 
decline as too much fe rtili ser may well lea d to a decrease in 
tomato yield . 

Worked example 8.1 
1 An elec tri c fire was turned on in a cold room a nd the 

tempera ture of the room was no ted at five-minute inte rva ls. 

Time from 
switching on 
fire, x (min) 0 5 10 15 20 25 30 35 40 

Temperature, 
y(C) 0.4 1.5 3.4 5.5 7.7 9.7 11 .7 13.5 15.4 

(a) Plot the data on a sca tter di agram. 

(b) Calculate the line o f regress ion y = a+ bx and draw it on 
yo ur sca tter dia gram . 

(c) Predict the tempera ture 60 minutes from switching on the 
fire. Why should thi s predic tion be treated with ca ution? 

(d) Ex plain why, in (b) the line y = a+ bx was ca lcu lated. 

(e) If, in stead of the temperature being m eas ured at 
five- minute interva ls, the time for the room to reach 
prede termined tempera tures (e.g. I, 4, 7, 10, l3 °C) had 
been observed, w hat wou ld the appropriate ca lculation 
have been? 

Lorry 
collapses 

y 

I 1.1 ~ Actool 
II : ----ez~: Time 

( s) 10.9 

10.8 /''',,, 
10.7 Extrapolat ion 

I 0. 6 '----'---'-----'----'------'-~ 
0 1 23456x 

y 

40 
Yield 30 
(kg) 20 

10 

00 

Training (weeks) 

Extrapola t ion . 

"" .·---. .--Actua l 

/ ~''"' 
2 3 X 

Ferti li se r (kg) 



Solution 

(a) 
y 

16 

14 

12 

10 
Tcm p 
(oC) 

8 

6 

4 

2 

0 
0 10 20 30 40 X 

Time (min) 

(b) y = -0. 142 + 0 .389x 

x = 20, ji = 7.64, plot (20, 7.64) 

x = IO, y = 3.75, plot ( 10, 3.75) 

X= 37.5, y = 14.46, plo t (37.5 , 14 .46 ) 

(c) X = 60, y = 23.2. 

Trea t w ith ca uti on beca use 60 minutes is outside th e ran ge 
of times given. The linea r model ca nn ot continue 
indefinite ly as the room ca nn ot keep o n hea tin g up forever. 

(d) The line y = a+ bx, th e eq uati on o f temperature on time, 
was used beca use y depended o n the value of x. The 
depend ent var iab le y was observed at prede te rm ined va lues 
of the ex planatory variab le x. 

(e ) If th e tim e to reach a temperature was observed, th en x 
wou ld be observed at predetermined values for y. In thi s 
case, x wo uld depend on the va lue o f y, so an equation o f 
time on temperature would be appropriate. 

RegressiOn I 53 

The equation of the line of 
regression can be obtained 
directly using a calculator. 

P can be obtained using a 
calculator or by substituting into 
the regression equation, so for 
x = 10, 

P = - 0.142 + 0.389 X 10 = 3.75 

I 
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Worked example 8.2 
The following data refer to a particular developed country. The 
tab le shows for each year, th e annua l average temperature x oC, 
and an estimate of the total annua l domestic energy 
con sumption, y PJ (peta-joules). 

Year X y 

1984 9.6 1664 

1985 9.3 17 15 

1986 9.8 1622 

1987 10.3 1624 

1988 10.1 162 1 

1989 10.4 1588 

1990 10.8 1577 

199 1 9.7 17 19 

1992 10.7 1604 

1993 9.2 18 11 

1994 9.8 1754 

(a) Illu strate the relationship between energy consumption 
and temperature by a sca tter dia gram. Label the points 
according to the year. 

(b) Calculate the line of regress ion of yon x and draw the line 
on your sca tter diagram. 

(c) Use your equation to es timate the energy consumption in 
1995, given that the average temperature in that year was 
10.3 oc. 

(d) Ca lculate res idual s for each of the years 1991, 1992, 1993 
and 1994. Comment on th eir values and interpre t the 
pattern shown by the sca tter diagram. 

(e) Modify your es timate of energy consumption in 1995 in th e 
light of th e residuals you have calculated. 



Solution 
(a) y 

1840 
1993 
X 

1800 

1760 1994 
X 

199 1 
Energy 1720 X X 

( PJ) 1985 

1680 1984 
X 

1640 1986 
X X 1992 1988 

1600 1989 
X 

1560 
9 9.4 9.8 10.2 10.6 

Tempera ture (C) 

(b) y = 2849- 11 8.9x 

x = 9.97, y = 1663 .5, plot (9 .97, 1663.5) 

x = 9, y = 1778.9, plot (9, 1778.9 ) 

x = lO, y = 1660, plot ( 10, 1660) 

(c) Prediction for 1995 

X= 10.3 y = 1625 

1990 

I 1.0 

(d) Res iduals are obtained in the following way. 

y= 
Year y X 2849- ll8.9x 

199 1 17 19 9.7 1695.7 

1992 1604 10.7 I 576.8 

1993 18 11 9.2 1755. 1 

1994 1754 9.8 1683.8 

X 

Residual = 
y-y 

23 .3 

27.2 

55.9 

70.2 

The res idual s seem to be increas ing with tim e. The scatter 
dia gram sugges ts tha t energy cons umption decreases as the 
average tempera ture increases. There is a lso an increase in 
energy con sumption w ith time. 

(e) The modified es timate for 1995 wou ld be 

1625 + 85 = 17 10. 
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The regression equation can be 
obtained directly using a 
calculator. 

Obtain 9 from a calculator or by 
substituting into the equation as 
in the previous example. 

Residuals can be found using the 
equation or by reading off the 
vertical difference between the 
value of y given by the line and 
the observed value of y. 

Clear, common sense comments 
are needed. 

The residuals found in (d) clearly 
indicate a higher value would be 
expected in 1995. 
A sensible suggestion would be 
to add a residual value on to the 
1625 prediction. This value will 
be greater than 70.2 for 1994. 
Continuing the pattern, approx. 
70.2 + IS = 85 might be the 
residual in 1995. 

I 
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EXERCISE BA 
1 The hea rt and body ma ss of 14 10-month-old male mice are 

given in the following table. 

Body mass, Heart mass, 
X (g) Y (mg) 

27 11 8 
30 136 
37 156 
38 150 
32 140 
36 155 
32 157 
32 11 4 
38 144 
42 159 
36 149 
44 170 
33 131 
38 160 

(a) Draw a sca tter diagram of these da ta . 

(b) Calculate the line of regress ion of heart mass on body 
mass (yon x ). 

2 The sys tolic blood pressure of ten men of various ages are 
given in the following table. 

Age, Systolic blood pressure, 
x (years) y (mmHg) 

37 110 
35 11 7 
4 1 125 
43 130 
42 138 
50 146 
49 148 
54 150 
60 154 
65 160 

(a) Draw a scatter dia gram. 

(b) Find the line of regression of sys tolic blood pressure on age. 

(c) Use your line to predict the sys tolic blood pressure for a 
man who is: 
(i) 20 years old, 
(ii) 45 years old . 

(d) Comment on the likely accuracy of your predictions in 
(i) and (ii) . 



3 A scienti st, working in an agricultural resea rch station, believes 
that there is a relationship between the hardness of the shell s 
of the eggs laid by chickens and the amoun t of a certain food 
supplement put in to the diet of the chickens. He selects ten 
chickens of the same breed and collects the foll owing data . 

Amount of Hardness of 
Chicken supplement, x (g) shell, y 

A 7.0 1.2 

B 9.8 2. 1 
c I 1.6 3.4 
D I 7.5 6. 1 
E 7.6 1.3 

F 8.2 1.7 
G 12.4 3.4 
H 17.5 6.2 
I 9.5 2. 1 

J 19.5 7. 1 

(Hardness is measured on a sca le of 0- 10, I 0 being the 
hardes t. No units are attached.) 

(a) Draw a scatter diag ram to illu stra te these data . 

(b) Ca lculate the equati on of the regress ion line of hardness 
on amount of supplement. 

(c) Do yo u believe that thi s linear model will continue to be 
appropriate no matte r how large or small x becomes? 
Ju sti fy your reply. 

4 In an inves ti ga tion into predictions using the stars, a 
well -known as trologer, Horace Scope, predicted the ages at 
which 13 young people would first marry. The completed 
data, of predi cted and actual ages at first marriage, are now 
ava ilable and are summari sed in the following table. 

Person Predicted age, x (years ) Actual age, y (years) 

A 24 23 
B 30 31 
c 28 28 
D 36 35 
E 20 20 
F 22 25 

G 3 I 45 
H 28 30 
I 2 1 22 
J 29 27 
/( 40 40 
L 25 27 

M 27 26 
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(a) Draw a scat ter dia gra m of these data . 

(b) Calculate the line of regression of yon x. 

(c) Plot the reg ress ion line on the sca tter dia gram . 

(d ) Comment on the resu lts obtained, particularly in view of 
the da ta for person G. What furth er action wou ld yo u 
sugges t? [A] 

5 The given data relate to the price and engine capacity of new 
cars in January 1982 . 

Car Price ( £) Capacity (cc) 
model y X 

A 3900 1000 

B 4200 1270 

c 5160 1750 

D 6980 2230 

E 6930 1990 

F 2 190 600 

G 2 190 650 

H 4 160 1500 

J 3050 1450 
[( 6 150 1650 

(a) Plot a sca tter diagram of the data. 

(b) Calculate the line of regress ion of yon x. 

(c) Draw the line of regress ion on the sca tter diagram . 

(d ) A particular custom er rega rd s large engine capacity and 
a low price as the two most important factors in 
choosin g a car. Examine your sca tter dia gra m and th e 
regression line to sugges t to him one model w hi ch, in 
Jan uary 1982, gave good va lue for m oney. Also sugges t 
three m odels which yo u wo uld advise the customer n ot 
to buy. [A] 



6 A small firm tries a new approach to negotiating the annua l 
pay ri se with each of its 12 empl oyees. In an attempt to 
simplify th e process, it is sugges ted that each employee 
should be assigned a score, x, ba sed on hi s/her leve l of 
respons ibility. The annua l sa lary wi ll be £(a+ bx) and 
negotiati on s wi ll only involve th e va lues o f a and b. 

The following table gives last year's sa la ri es (which were 
generall y rega rd ed as fair) and the proposed sco res. 

Annual 
Employee X salary (£) y 

A 10 5750 

8 55 17 300 

c 46 14 750 

D 27 8200 

E 17 6350 

F 12 6 150 

G 85 18800 

H 64 14 850 

36 9900 

J 40 II 000 

/( 30 9 150 

L 37 10400 

(a) Plot the da ta o n a scatter dia gra m . 

(b) Est imate the va lues that could have been used for a and 
b last yea r by findin g the line of reg ress ion o f yon x. 

(c) Comment on whether the sugges ted method is like ly to 
prove reasonably sat isfa ctory in pract ice. 

(d) 1\vo employees, Ba nd C, had to wo rk away from ho m e 
for a large part of the year. In the light of this additiona l 
information, suggest an improvem e nt to th e model. [A] 
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7 A company speciali ses in supplying 's tocking fillers' at 
Chri stmas time. The company employs several full-time 
workers a ll year round but it re li es on part-time help at the 
Christmas ru sh period . 

The time taken to pack ord ers, toge ther with the packer 
concerned and the number of item s in the order were 
recorded for ord ers chosen at random during three days just 
prior to Christmas. 

No. of item s Time to pack 
Packer X y (mins ) 

Ada 2 1 270 

Ada 62 420 

Betty 30 245 

Ali ce 20 305 

Ada 35 320 

Ada 57 440 

Alice 40 400 

Betty 10 180 

Ada 48 350 

Alice 58 490 

Ada 20 285 

Bet ty 45 340 

(a) Plot a sca tter dia gram to illu strate these data . Label 
clearly which packer was res ponsible for the ord er. 

(b) Calculate the va lue of the produ ct mom ent correlation 
coefficient and comment on its value. 

(c) Find the line of regression of yon x. 

(d) Find an es timate for the length of time that it wou ld 
take to pack an order of 45 item s. Comment on how 
good an estimate you would imagine thi s to be. 

(e) Calculate the res idual va lues for Betty and also for her 
daughter Alice, who is working in the factory on a 
temporary basis over the Christma s ho lid ay. 

(f) Use these residual s to produce a better est imate of the 
act ual time expected for the nex t ord er of 45 item s to be 
as sembled if: 

( i) Betty is the packer, 

( ii) Alice is the packer. 



8 Over a period of three yea rs, a company ha s been monitoring 
the number of units of output produced per quarter and the 
total cost of producing the units. The table below shows the 
results. 

Units of output, x Total cost, y 
( 1000s) (£1000) 

14 35 
29 so 
55 73 
74 93 
II 31 
23 42 
47 65 
69 86 
18 38 
36 54 
6 1 81 
79 96 

(a) Draw a sca tter diagram of these data. 

(b ) Calculate the equation of the regression line of yon x 
and draw thi s line on your sca tter diagram . 

The selling price of each unit of output is £1.60. 

(c ) Use your graph to estimate the level of output at which 
the total income and the total costs are equal. 

(d) Give a brief interpretation of thi s value. [A] 

9 In the development of a new plastic material, a variable of 
interest was its 'deflection' when subjected to a constant force 
underwater. It was believed that, over a limited range of 
temperatures, this would be approximately linearly related to the 
temperature of the water. The 'deflection' was measured at a 
series of predetermined temperatures with the followin g results. 

Tech nician 'Deflection' Temperature 
y x(C) 

A 2.05 I 5 
B 2.45 20 
A 2.50 25 
c 2.00 30 
B 3.25 35 
A 3.20 40 

c 4.50 45 

B 3.85 so 
A 3.70 55 
c 3.65 60 

RegressiOn 161 

I 



I 6 2 Regressron ' 

(a) Illu strate thi s data with a scatter dia gram . 

(b) Calcula te the equati on of the regression line of 
'de flec ti on ' o n tempera ture and draw this line on your 
sca tter di ag ram . 

(c) Three diffe rent techni cian s, A , B and C. were in volved 
in th e trial. La bel your sca tte r diagram with thi s 
informa tion a nd comment on the perform ance of each 
techni cian . 

(d) Sugges t w ha t ac tion might be ta ken before condu cting 
furth e r tri a ls. [A] 

10 In addition to it s full-time sta ff, a supermarket employs 
pa rt-time sa les sta ff on Saturda ys . The manager 
ex pe rimented to see if there is a relation ship be tween the 
takin gs a nd the number of part-time sta ff employed . 

He co llected data over nine success ive Sa turdays. 

Number of part-time 
staff employed, Takings, £'00 

X y 

10 313 

13 320 

16 319 

19 326 

22 333 

25 342 

28 32 1 

31 36 1 

34 355 

(a) Plot a sca tte r dia gra m of these data . 

(b) Ca lcul a te the equ ation o f the regress ion line of takin gs 
on the number of part-tim e sta ff employed. Draw th e 
line on your sca tter di ag ram . 

(c) If the regress ion line is deno ted by y = a+ bx, give an 
interpre ta tion to each of a a nd b. 

(d) On one Sa turda y, maj or road work s blocked a n ea rby 
road . Which Sa turd ay do you think this wa s? Give a 
rea son for yo ur choice . 

(e) The manager h ad increased the number of part-time 
staff each week. Thi s wa s des irable from an 
orga ni sa ti on a l point of view but und esirable from a 
stati s tica l point of view. Commen t. (A] 



II As part of an in vestiga tion into how accurately witnesses are 
abl e to describe incident s, Paulo observed a number of staged 
incidents. Afte rward s h e was asked to es timate th e ages o f 
som e of the participants. Paulo's es timates, y years, toge the r 
wi th the actual ages , x years, are shown in th e ta ble be low. 

Participant Actual age, Estimated age, 
x (years) y (years) 

A 86 74 

B 55 51 

c 28 22 

D 69 59 

E 45 38 

F 7 8 

G 17 15 

H II 9 

37 38 

J 2 2 
/( 78 66 

(a) Draw a scatte r dia gram of Paulo's es timate, y, a nd the 
actua l age, x. 

(b) Calcu late the equation of the reg ress io n line of yo n x 
and draw it on your dia gram. 

(c) Calcu late the res idual s for participants D a nd I. 

(d) Discu ss wh ethe r a small res idual indi ca tes a good 
es timate of age. Illu strate your answer by making 
reference to the res idual s you have calculated in (c) . [A] 

12 A pop group undertakes a country-wide tour. It is 
accompan ied by two roadies who pack up the equipm ent and 
load it into a removal va n after each performan ce. They also 
hire loca l people at each venue to assist with this ta sk. In 
order to es timate the bes t number of loca l people to hire th ey 
experiment by va rying the number hired, x, and recordin g 
the tim e, y minutes, taken to load th e va n . The res ults a re 
tabulated be low. 

Performance X y 

2 384 

2 3 359 

3 4 347 

4 6 322 

5 6 315 

6 7 3 12 

7 9 299 

8 9 294 

9 10 283 
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(a) Plot a sea tter diagram of the data . 

(b) Calcu late the equation of the regression line of yon x 
and draw the line on your sca tter diagram. 

(c) If the line is of the form y = a + bx give an 
interpretation to each of a and bin the context of thi s 
question. 

(d) Give two rea sons why it would be unwise to use th e 
regression equation to estimate the time taken if 50 
people were hired . 

(e) The data given for the fir st nine performances shows 
that at each performance the number of local people 
hired was either greater than or eq ual to the number of 
people hired at the previous performance. Why does this 
fact make it more difficult to interpret the res ults? [A] 

Key point summary 

A scatter diagram should be drawn to judge whether p 146 
linea r regression analys is is a sensible option. 

2 The nature of the data should be considered to p/46 
determine which is the independent or explanatory 
variable (x) and which is the dependent or response 
variable (y) . 

3 The regression line is found using the method of p 148 
least squares in the form 

y = a + bx 

This is the regression line of yon x and may be used 
to predict a va lue for y from a given value of x. 

The equations can be found directly using a ca lcu lator 
with a linear regression mode . 

Be carefu l to note the form in which your calculator 
presents the equation- it may be as y = ax + b. 

4 Using y = a + bx 

a estimates the value of y when xis zero. 
b estimates the rate of change of y with x. 

pp/48, 149 

5 Be very careful when predicting from your line. p /52 
Watch out for extrapola tion w hen predictions can be 
wildly inaccurate. 

Look back to section 8.8. 

Never assume a linear model will keep on going 
forever. 



Test yourself What to review 

1 For each of the following sets o f da ta say w hich va riable is the Section 8.2 
res pon se or depend ent va ria ble, a nd w hich is the explan a tory 
or independ ent va riable. 

(a) 

(b) 

Te mperature 
required, w ( C) 

I 5 

20 

25 

30 

35 

Time fire has been 
switched on, f (min) 

5 

10 

I 5 

20 

25 

Time taken to reach 
required temp, u (min) 

4.3 

8.7 

I 1.9 

14.8 

I 7. 1 

Temperature reached 
9 ( C) 

12.2 

14.6 

16. I 

17.8 

19.3 

2 Which of the foll owing sca tter di agra m s could illu stra te da ta 
connected by the give n regress ion eq ua tions? 

(a) y= - 6x+ 12.3 y 

X 
300 X 

X 
X 

200 

100 X 
X 

X 
0 10 20 30 40 X 

(b) p = 0.781-2. 1 p 

3 

2 X 
X 

X 
X 

X X 
2 3 4 5 
X 

- 1 

Section 8.4 
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Test yourself (continued) What to review 

(c) m=O.l5b - l.9 m 

3 X X 

2 X 

X 

X 

Xx 
X 

0 10 20 30 b 

3 The line of reg ress ion of ma ss (y kg) on age (x weeks) for baby Sections 8.2 and 8.5 
giraffes, between 0 and 12 weeks of age, is given below: 

y=2.07x+2 1.7 

(a) l s it possible to obtain an es timate of the m ass of a baby 
giraffe at 9 weeks old from thi s equation? 

(b) l s it possible to es timate the age in weeks of a baby giraffe 
which ha s ma ss 42 kg? 

(c) Interpre t the value of the constant 21.7 in thi s equation . 

4 The table below gives the height of a bean shoot in 
centimetres (y ) and the number of days since it was 
planted (x ). 

Number of days, x Height, y (em) 

40 9.6 

45 10.5 

50 11.2 

55 12.3 

60 13.4 

65 14.3 

70 15.2 

(a) Calculate the line of regress ion of y on x. 

(b) Es timate the height of the shoot exactl y eight weeks 
(56 days ) after planting. 

(c) Why would it not be sen si ble to use the regress ion 
equat ion to estimate the height of the shoot three m onth s 
after planting? 

Sections 8.4 and 8.8 



Test yourself (continued) 

5 As part of hi s resea rch in to the behaviour of the human 
memory, a leading psychologist asked 15 schoolgirl s from years 
9, 10 and I I to talk for five minutes on 'my da y at school' . The 
psychologist asked each girl to record how many times she 
thought she had used the word 'nice' during the talk . The 
foll owi ng table gives their replies together with the true va lues. 

Girl True value x Recorded value y 

A 12 9 

B 20 19 

c 3 

D 8 14 

E 0 4 

F 12 12 

G 12 16 

H 17 14 

6 5 

J 5 9 
f( 24 20 

L 23 16 

M 10 II 

N 18 17 

0 16 19 

The eq uati on of the regress ion line of yo n x is y = 4.40 + 0.663x. 

The girl s are from three different yea r groups. 

A, C, H, J and L are from Yea r 1 I. 

E, F, K, M and N are from Year 10. 

B, D, G, J and 0 are from Year 9. 

Find the res idual s for the girl s in Year 9 and for those in 
Year II . Use these, together with the reg ress ion line to es timate: 

(a) the record ed va lue for a girl in Year 9 whose true 
va lue was 15, 

(b) the record ed va lue for a girl in Year II whose true 
va lue was 10. 
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l (a) Expla natory: temperature, dependent : time 

(b) Ex planatory: time, dependent: temperatu re 

2 (a) No; reg ress ion eq uation implies a nega ti ve gradient 

(b) Yes; 

(c) Yes; 

3 (a) Yes; 

(b) No (line ha s y as dependent not x ); 

(c) Mass a t birth: 2 1.7 kg. 

4 (a) y = 0. I 90x + I. 9 I ; 

(b) y= 0.190 X 56 + 1.9 1 = 12.5cm; 

(c) At 3 month s, ex trapolation wou ld be used and therefore result s 
may be very inaccura te as li near model may not continue. 

5 Res idual s: 8 1.3, D 4.3, G 3.6, J 1. 3, 0 4.0, 
A -3 .4, C - 2. 1, H - 1.7, J - 3.4, L - 3.7. 
(a) 17; (b) 8. 
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Time a ll owed l ho ur 30 minutes- Cand idates takin g th e co urse work option wi ll s it a slightly 
shorte r paper ( l hour 15 minutes ) of th e sa m e standard . 

An swer all question s 

I J e remy se ll s a magazine which is produced in order to rai se 
money for home less people. The probability of making a sa le 
is, independently, 0.09 for each person he approaches. Given 
that he approaches 40 people, find the probability that he w ill 
make: 

(a) two o r fewer sa les, 

(b) exact ly four sal es, 

(c) more than five sales. 

(3 marks) 

(2 marks) 

(2 marks) 

2 Ex plain the diffe rence be twee n a parame ter and a stati s tic. 
(3 marks) 

3 A ru gby club ha s three ca tegories of membership : adu lt, social 
and junior. The number o f members in each ca tegory, 
cla ss ifi ed by gend e r, is shown in the tabl e. 

Female 

Male 

Adult 

25 

95 

Social 

35 

25 

Junior 

40 

80 

One membe r is chosen, at ra ndo m, to cut the ribbon at th e 
opening of the new clubhou se. 
V denotes the eve nt that a fe male m embe r is chosen . 
W denotes th e event that an adu lt m ember is ch osen. 
X deno te s th e event that a junior m ember is chose n . 

(a) Find : 
(i) P( V), 
(ii) P( X ), 
(ii) P( X I V). (4 marks) 

(b) For the events V, Wa nd X, write dow n two which are: 
(i) mutua ll y exclu sive (ju stify your answer) , (2 marks) 
(ii) inde pend ent (ju stify your a n swer) . (2 marks) 
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4 A small firm wishes to introduce an aptitude tes t for 
applicants for a ssembly work. The tes t consists of a 
m echanical puzzle. The assembly workers, currently 
employed, were asked to complete th e puzzle. They were 
timed to the neares t second and the times taken by 35 of 
them are shown below. 

Time to complete puzzle (s) 

20-39 

40-49 

50- 54 

55- 59 

60- 99 

Frequency 

6 

8 

7 

5 

9 

(a) Es timate th e media n and the interqu artil e ran ge of the 
da ta . (5 marks) 

(b) Calculate es timates of the m ean a nd the standard 
devia ti on of the data. (4 marks) 

(c) In addition to the data in the table, five o th er a ssembly 
workers comple ted the puzzle but took so lon g to do so 
th a t their times we re n ot record ed . These times a ll 
exceeded 100 s. Es tima te the m edian time to compl ete 
th e puzzle for a ll 40 assembly workers. (2 marks) 

(d) The firm dec ides not to offer employm ent to any 
a pplica nt who ta kes longe r to complete th e puzzle tha n 
the avera ge tim e ta ken by the assembly workers w ho 
took th e tes t. 
(i) State wheth er you would recommend the m edian 

or the m ean to be used as a m easure of avera ge in 
these circumsta nces. Ex plain your ans wer. 

( 2 marks) 
(ii) Write down the va lue of yo ur recommend ed 

m easure of average. ( 1 mark) 

5 Applicant s to join a police force are tes ted for ph ys ical fitn ess. 
Based on th eir performa nce, a phys ica l fitn ess score is 
ca lculated for each appli ca nt. Ass ume that the distributi on of 
scores is norma l. 

(a) The scores for a rand om sa mpl e of ten a pplicants were 

55 23 44 69 22 45 54 72 34 66 

Ex perience sugges ts th a t the stand ard deviation of scores 
is 14.8. Ca lcula te a 99% confid ence interval for the m ean 
score of a ll a ppli ca nt s. (5 marks) 

(b ) The scores of a further rand om sa mpl e of 110 applicants 
had a mea n of 49.5 and a stand ard devia tion of 16. 5. Use 
the da ta from thi s second sa mpl e to ca lculate: 



(i) a 95 % confid en ce interva l for the mean score of all 
applicants, (3 marks) 

(ii) an interva l within which th e score of approx imately 
95% of applicants w ill lie. (2 marks) 

(c) By interpreting your results in (b)(i) and (b)(ii) , 
comment on the abi li ty of applicants to achieve a score 
of 25 . (3 marks) 

6 [A sheet of graph paper is provided for use in thi s qu es tion.] 
Henn ie, a s tati stics teacher, is an unenthusiastic gard ene r. 
During the summer months she record s the time, y minutes, 
it takes her to cut he r lawn together with th e time, x da ys, 
since she la s t cut it. 

x 5 I 3 I 0 I 9 7 I 2 2 I I 8 24 I 2 

y 23 32 28 48 2 I 35 44 39 50 39 

(a) Plot a sca tter dia gram of the data . (3 marks) 

(b) Find the eq uation of the regress ion line of yon x and 
plot it on your scatter diagram . (6 marks) 

(c) Give an inte rpre tation, in the context of thi s qu es tion s, 
of: 
(i) th e gradient of th e regress ion line, 
(ii) the intercept of the regress ion line with they-a xis. 

(3 marks) 

(d) Hennie's brothe r, Ludwi g, suggests to h er that she cou ld 
save time by cutting her lawn in spring and then waiting 
until the autumn before cutting it aga in . Give one 
s tati stica l rea son, and one reaso n spec ific to thi s contex t, 
why it wou ld be unwi se to use your regression equation 
to es timate th e tim e it wou ld take Henni e to cut he r 
la wn I 50 da ys since sh e last cut it. (2 marks) 

(e) Expla in w hy it was appropriate to thi s qu es tion to 
ca lculate th e regress ion equation of yon x rather than 
that of x on y. (2 marks) 

7 Rahul works for a bank . He ca n trave l to the branch w here he 
work s by car, bu s or bi cycle. He does no t wish to a rri ve too 
ea rly a s he cannot ente r th e building before it is unlocked at 
8.30 a.m. He does not wish to arrive after hi s s tartin g time, 
w hich is 9.00 a .m . 

(a) When he travels by bu s hi s journey time may be 
mod elled by a normally di s tribu ted random va riable w ith 
m ea n 40 minutes and sta ndard deviatio n 10 minutes. 
Given that he leaves home at 8.00 a.m. and trave ls by 
bu s, find th e probability that he wi ll a rrive a t th e branch : 
(i) be fore 9.00 a .m . 
(ii) be twee n 8.30 a.m. and 9.00 a.m . (5 marks) 
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(b) When h e travels by bicycle hi s journey time may be 
mode ll ed by a normally di stributed random variable with 
m ean 35 minutes and standard devia tion 2 minutes. 
Wha t time should he leave home when he travels by 
bicycle if he w ishes to have a probability of 0.99 of 
arriving before 9.00 a.m .? (5 marks) 

(c) When he tra vels by car hi s journey time may be 
modell ed by a normally di stributed rand om va riable with 
mean 28 minutes and standa rd devia tion 8 minutes . 
What time should he leave home when he travels by car, 
in ord er to ma ximise his chance of arriving between 
8.30 a. m . and 9.00 a .m. (2 marks) 

(d) Give an advantage of: 
(i) travelling by ca r compared to bus or bicycle, 

( 1 mark) 
(ii) travelling by bicycle compared to bus or car. 

(1 mark) 

Your answers to (d) should be based only on the data given 
in the ques tion and not on general con sidera tion s such as 
exercise, environmental consequ ences and comfort. 



Table I Binomial distribution function 
The tabulated value is P(R ::::; r), where R ha s a binomial di stribution with parameters nand p. 

X 0.01 0.02 0 .03 0 .04 0 .05 0 .06 0 .07 0.08 0.09 0 . 10 0 . 15 0.20 0.25 0.30 0 .35 0.40 0.45 0.50 ~ 
n = B 0 0.9227 0.8508 0 .7837 0.7214 0.6634 0.6096 0 .5596 0.5 132 0.4703 0.4305 0 .2725 0 . 1678 0 . 1001 0.0576 0.0319 0.0168 0.0084 0 .0039 0 

I 0.9973 0.9897 0 .9777 0.9619 0.9428 0.9208 0.8965 0.8702 0.8423 0.8 13 1 0.6572 0.5033 0.3671 0.2553 0 . 1691 0. 1064 0.0632 0 .0352 I 
2 0 .9999 0.9996 0 .9987 0.9969 0.9942 0 .9904 0 .9853 0.9789 0 .9711 0.96 19 0.8948 0 .7969 0.6785 0.55 18 0.4278 0.3154 0 .220 1 0 . 1445 2 
3 1.000 1.000 0 .9999 0.9998 0.9996 0.9993 0 .9987 0.9978 0 .9966 0.9950 0 .9786 0.9437 0.8862 0.8059 0.7064 0.5941 0.4770 0 .3633 3 
4 1.000 1.000 1.000 1.000 0 .9999 0 .9999 0 .9997 0 .9996 0 .9971 0.9896 0.9727 0 .9420 0 .8939 0.8263 0 .7396 0.6 367 4 
5 1.000 1.000 1.000 1.000 0 .9998 0.9988 0.9958 0 .9887 0.9747 0.9502 0 .9115 0.8555 5 
6 1.000 0.9999 0.9996 0.9987 0.9964 0.9915 0 .9819 0.9648 6 
7 1.000 1.000 0.9999 0.9998 0.9993 0.9983 0.996 1 7 

8 1.000 1.000 1.000 1.000 1.000 8 

n = 12 0 0.8864 0 .7847 0.6938 0.6127 0.5404 0.4 759 0.4186 0 .3677 0 .3225 0.2824 0.1422 0.0687 0.0317 0.0138 0.0057 0.0022 0 .0008 0.0002 0 
I 0.9938 0.9769 0.95 14 0.919 1 0.88 16 0.8405 0.7967 0 .75 13 0.7052 0.6590 0.4435 0.2749 0 . 1584 0.0850 0.0424 0.0196 0.0083 0.0032 I 
2 0.9998 0 .9985 0.9952 0.9893 0 .9804 0.9684 0 .9532 0.9348 0.9134 0.8891 0.7358 0.5583 0 .3907 0 .2528 0.1513 0.0834 0 .0421 0.0 193 2 
3 1.000 0 .9999 0.9997 0 .9990 0.9978 0 .9957 0.9925 0.9880 0.9820 0.9744 0 .9078 0. 7946 0.6488 0.4925 0.3467 0.2253 0. 1345 0.0730 3 
4 1.000 1.000 0 .9999 0.9998 0 .9996 0 .999 1 0 .9984 0.9973 0.9957 0 .9761 0.9274 0.8424 0.7237 0.5833 0.4382 0 .3044 0. 1938 4 
5 1.000 1.000 1.000 0 .9999 0 .9998 0 .9997 0.9995 0.994 0.9806 0.9456 0.8822 0.7873 0.6652 0.5269 0.3872 5 
6 1.000 1.000 1.000 0.9999 0 .9993 0.9961 0 .9857 0 .9614 0.9 154 0 .841 8 0.7393 0 .6 128 6 
7 1.000 0 .999 0.994 0 .9972 0 .9905 0.9745 0 .9427 0.8883 0 .8062 7 
8 1.000 0.9999 0 .9996 0 .9983 0.9944 0.9847 0.9644 0 .9270 8 
9 1.000 1.000 0 .9998 0.9992 0 .9972 0.992 1 0 .9807 9 

10 1.000 0.9999 0.9997 0.9989 0 .9968 10 
II 1.000 1.000 0.9999 0 .9998 II 
12 1.000 1.000 12 

n = IS 0 0.8601 0 .7386 0.6333 0.5421 0.4633 0 .3 953 0 .3367 0 .2863 0.2430 0.2059 0.0874 0.0352 0 .0134 0.0047 0 .0016 0.0005 0.0001 0 .0000 0 
I 0.9904 0 .9647 0.9270 0 .8809 0 .8290 0 .7738 0 .7 168 0 .6597 0.6035 0 .5490 0 .3 186 0 . 1671 0 .0802 0 .0353 0.0142 0.0052 0.0017 0 .0005 I 

2 0.9996 0 .9970 0 .9906 0.9797 0.9638 0.9429 0 .9 17 1 0.8870 0.8531 0 .8159 0 .6042 0 .3980 0.3980 0.2361 0. 1268 0.0271 0.0107 0.0037 2 

3 1.000 0 .9998 0 .9992 0.9976 0.9945 0 .9896 0 .9825 0 .9727 0.960 I 0.9444 0 .8227 0 .6482 0.46 13 0.2969 0.1727 0.0905 0 .0424 0.0176 3 
4 1.000 0 .9999 0 .9998 0.9994 0 .9986 0.9972 0.9950 0.99 18 0.9873 0 .9383 0 .8358 0.6865 0 .5 155 0.3519 0.2173 0 . 1204 0.0592 4 
5 1.000 1.000 0.9999 0.9999 0.9997 0.9993 0.9987 0 .9978 0.9832 0 .9389 0 .8516 0.7216 0 .5643 0.4032 0. 2608 0. 1509 5 
6 1.000 1.000 1.000 0 .9999 0.9998 0.9997 0.9964 0 .98 19 0.9434 0.8689 0 .7548 0.6098 0.4522 0.3036 6 
7 1.000 1.000 1.000 0 .9994 0 .9958 0.9827 0 .9500 0.8868 0.7869 0 .65 35 0.5000 7 

8 0 .9999 0 .9992 0.9958 0 .9848 0 .9578 0.9050 0 .8182 0.6964 8 
9 1.000 0 .9999 0.9992 0 .9963 0 .9876 0.9662 0 .9231 0.8491 9 

10 1.000 0.9999 0 .9993 0 .9972 0.9907 0 .9745 0.9408 10 
II 1.000 0 .9999 0 .9995 0.998 1 0 .9937 0.9824 II 
12 1.000 0.9999 0 .9997 0.9989 0 .996) 12 
13 1.000 1.000 0.9999 0 .9995 13 
14 1.000 1.000 14 

Note: the AQA formulae book contain s more va lues of n than are given here. 
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Table I Binomial distribution function (continued) 

I~ 0.0 1 0.02 0 .03 0 .04 0.05 0.06 0 .07 0 .08 0 .09 0. 10 0. 15 0 .20 0 .25 0.30 0 .35 0.40 0.45 0.50 17 -n = 20 0 0 .8 179 0.6676 0. 5438 0 .4420 0 .3585 0 .2901 0.2342 0 . 1887 0. 15 16 0. 12 16 0.0388 0.0 11 5 0.0032 0.0008 0.0002 0.0000 0 .0000 0.0000 0 
I 0.983 1 0.940 1 0 .8802 0.8 103 0.7358 0.6605 0.5869 0 .5 169 0 .4 5 16 0.39 17 0. 1756 0.0692 0.0243 0.0076 0.002 1 0.0005 0 .0001 0.0000 I 
2 0 .9990 0.9929 0 .9790 0.956 1 0.9245 0.8850 0.8390 0.7879 0.7334 0.6769 0.4049 0.206 1 0.09 13 0.0355 0.01 2 1 0.0036 0.0009 0.0002 2 
3 1.000 0.9994 0 .9973 0.9926 0 .984 1 0 .97 10 0.9529 0 .9294 0.900 7 0.8670 0.6477 0 .4 1 14 0 .2252 0. 107 1 0.0444 0 .01 60 0.0049 0.0013 3 
4 1.000 0.9997 0 .9990 0.9974 0.9944 0.9893 0 .98 17 0 .97 10 0 .9568 0.8298 0.6296 0.4 148 0.2375 0. 11 82 0.05 10 0 .01 89 0 .0059 4 
5 1.000 0 .9999 0 .9997 0 .9991 0.998 1 0.9962 0 .9932 0 .9887 0.9327 0.8042 0 .6 172 0.4164 0.2454 0 . 1256 0.0553 0.0207 5 
6 1.000 1.000 0 .9999 0.9997 0 .9994 0.9987 0.9976 0.978 1 0 .9133 0 .7858 0.6080 0.4 166 0 .2500 0 . 1299 0.0577 6 
7 1.000 1.000 0 .9999 0.9998 0.9996 0.994 1 0 .9679 0.8982 0.7723 0 .60 10 0.4159 0.2520 0 . 13 16 7 
8 1.000 1.000 0.9999 0.9987 0 .9900 0 .9591 0.8867 0 .7624 0 .5956 0.4 14 3 0 .2 517 8 
9 1.000 0.9998 0.9974 0.9861 0.9520 0 .8782 0 .7553 0.59 14 0.41 19 9 

10 1.000 0.9994 0.9%1 0.9829 0 .9468 0 .8725 0.7507 0 .588 1 10 
I I 0 .9999 0.999 1 0.9949 0 .9804 0.9435 0.8692 0 .7483 II 
12 1.000 0.9998 0.9987 0 .9940 0 .9790 0.9420 0.8684 12 
13 1.000 0.9997 0 .9985 0 .9935 0.9786 0 .9423 13 
14 1.000 0 .9997 0 .9984 0.9936 0 .9 793 14 
15 1.000 0.9997 0 .9985 0.9941 15 
16 1.000 0 .9997 0.9987 16 
17 1.000 0.9998 17 
18 1.000 18 

II = 25 0 0.7778 0 .6035 0.4670 0.3604 0.2774 0.2 129 0 . 1630 0. 1244 0.0946 0.07 18 0 .0 172 0 .0038 0.0008 0 .000 1 0.0000 0.0000 0.0000 0.0000 0 
I 0.9742 0 .9 11 4 0.8280 0.7358 0.6424 0.5527 0.4696 0.3947 0.3286 0.27 12 0.0931 0.0274 0.0070 0.00 16 0.0003 0.000 1 0.0000 0.0000 I 

2 0.9980 0 .9868 0 .9620 0.9235 0.8729 0.8 129 0.7466 0.6768 0.6063 0.537 1 0 .2537 0 .0982 0.032 1 0.0090 0.0021 0.0004 0 .0001 0.0000 2 

3 0.9999 0 .9986 0.9938 0.9835 0.9659 0.9402 0 .9064 0.8649 0.8 169 0 .7636 0 .4 7 11 0.2340 0.0962 0.0032 0.0097 0.0024 0.0005 0.000 1 3 
4 1.000 0 .9999 0.9992 0 .9972 0 .9928 0.9850 0 .9726 0.9549 0.93 14 0.9020 0.682 1 0.4207 0.2 137 0.0905 0.0320 0.0095 0 .0023 0.0005 4 
5 1.000 0.9999 0 .9996 0 .9988 0.9969 0.9935 0.9877 0.9790 0.9666 0.8385 0.6 167 0.3783 0. 1935 0.0826 0.0294 0 .0086 0.0020 5 

6 1.000 1.000 0 .9998 0 .9995 0.9987 0.9972 0.9946 0 .9905 0.9305 0.7800 0.56 11 0.3407 0. 1734 0.0736 0. 0258 0.0073 6 
7 1.000 0 .9999 0.9998 0.9995 0.9989 0.9977 0.9745 0.8909 0 .7265 0.5 11 8 0.3061 0. 1536 0.0639 0.02 16 7 

8 1.000 1.000 0.9999 0 .9998 0 .9995 0.9920 0.9532 0.8506 0.6769 0.4668 0.2735 0 . 1340 0.0539 8 
9 1.000 1.000 0 .9999 0 .9979 0.9827 0.9287 0.8106 0.6303 0.4246 0 .2424 0. 1148 9 

10 1.000 0.9995 0.9944 0 .9703 0.9022 0.77 12 0.5858 0.3843 0.2 122 10 
I I 0.9999 0 .9985 0.9893 0.9558 0 .84 76 0 .7323 0 .5426 0.3450 II 

12 1.000 0.9996 0.9966 0.9825 0.9396 0.8462 0.6937 0.5000 12 

13 0.9999 0 .999 1 0.9940 0.9745 0.9222 0.8 173 0.6550 13 
14 1.000 0 .9998 0.9982 0.9907 0.9656 0.9040 0.7878 14 
15 1.000 0.9995 0.997 1 0 .9868 0.9560 0.8852 15 

16 0.9999 0 .9992 0 .9957 0.9826 0 .946 1 16 

17 1.000 0.9998 0.9988 0.9942 0 .9784 17 
18 1.000 0 .9997 0.9984 0 .9927 18 

19 0 .9999 0.9996 0 .9980 19 

20 1.000 0.9999 0 .9995 20 
2 1 1.000 0.9999 2 1 

22 1.000 22 

II = 30 0 0.7397 0.5455 0.40 I 0 0 .2 939 0 .2 146 0 . 1563 0. 1134 0.0820 0.059 1 0.0424 0.0076 0.00 12 0 .0002 0.0000 0.0000 0.0000 0.0000 0.0000 0 
I 0.9639 0 .8795 0.773 1 0 .66 12 0.5535 0.4555 0.3694 0 .2958 0 .234 3 0. 1837 0.0480 0.0 I 05 0.0020 0.0003 0.0000 0 .0000 0.0000 0.0000 I 

2 0.9967 0 .9783 0.9399 0 .8831 0 .8 122 0.7324 0.6487 0 .5654 0.4855 0.4114 0. 15 14 0 .044 2 0 .0 I 06 0.002 1 0 .0003 0.0000 0.0000 0 .0000 2 

3 0.9998 0.997 1 0.988 1 0.9694 0 .9392 0.8974 0.8450 0.7842 0.7175 0.6474 0.32 17 0. 1227 0.0374 0.0093 0 .00 19 0.0003 0.0000 0.0000 3 

4 1.000 0.9997 0.9982 0.9937 0.9844 0.9685 0.9447 0 .9 126 0.8723 0.8245 0.5245 0.255 2 0.0979 0.0 302 0.0075 0.001 5 0.0002 0.0000 4 

5 1.000 0 .9998 0 .9989 0.9967 0.992 1 0.9838 0.9707 0.95 19 0.9268 0.7 106 0.4275 0.2026 0.0766 0.0233 0. 0057 0.00 11 0 .0002 5 

6 1.000 0.9999 0 .9994 0.9983 0.9960 0 .99 18 0. 9848 0.9742 0.8474 0.6070 0.348 1 0. 1595 0 .0586 0 .0 172 0.0040 0.0007 6 
7 1.000 0.9999 0.9997 0.9992 0 .9980 0.9959 0.9922 0.9302 0 .7608 0.5 143 0.2814 0 . 1238 0 .0435 0.0 12 1 0 .0026 7 

8 1.000 1.000 0.9999 0.9996 0.9990 0.9980 0.9722 0 .87 13 0 .6736 0.4315 0 .2247 0 .0940 0.03 12 0 .0081 8 
9 1.000 0 .9999 0.9998 0.9995 0.9903 0.9389 0 .8034 0.5888 0 .3575 0 . 1763 0.0694 0 .02 14 9 

10 1.000 1.000 0.9999 0.9971 0 .9744 0.8943 0.7304 0 .5 078 0 .2 915 0. 1350 0 .0494 10 

I I 1.000 0.9992 0.9905 0.9493 0.8407 0.6548 0.4311 0.2327 0. 1002 II 

12 0.9998 0.9969 0.9784 0.9 155 0.7802 0.5785 0.3592 0. 1808 12 

13 1.000 0.999 1 0. 99 18 0.9 599 0.873 7 0.7 145 0 .5025 0.2 923 13 

14 0.9998 0.9973 0.983 I 0 .9348 0.8246 0.644 8 0.4278 14 

15 0.9999 0.9992 0.9936 0.9699 0.9029 0.769 1 0.5722 15 

16 1.000 0.9998 0.9979 0 .9876 0.95 19 0.8644 0 .7077 16 

17 0.9999 0.9994 0 .9955 0.9788 0 .9286 0 .8 192 17 

18 1.000 0.9998 0.9986 0.99 17 0.9666 0.8998 18 

19 1.000 0.9996 0.997 1 0.9682 0.9506 19 

20 0.9999 0.9991 0.9950 0.9786 20 

2 1 1.000 0.9998 0 .9984 0.99 19 2 1 

22 1.000 0.9996 0.9974 22 

23 0.9999 0.9993 23 
24 1.000 0 .9998 24 

25 1.000 25 
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Table I Binomial distribution function (continued) 

·~ 0 .01 0.02 0 .0 3 0 .04 0.05 0.06 0 .07 0.08 0.09 0.10 0. 15 0.20 0.25 0.30 0.35 0.40 0 .45 0.50 v 
II = 40 0 0.6690 0.4457 0.2957 0. 1954 0.1285 0 .0842 0.0549 0.0356 0.0230 0.0148 0 .0015 0.0002 0.0000 0.0000 0.0000 0.0000 0.0000 0 .0000 0 

I 0 .9393 0.8095 0 .6615 0 .52 10 0 .399 1 0.2990 0.2201 0. 1594 0. I 140 0.0805 0.0121 0.0015 0.000 I 0.0000 0 .0000 0.0000 0.0000 0 .0000 I 
2 0 .9925 0.9543 0 .8822 0 .7855 0.676 7 0.5665 0.4625 0.3694 0.2894 0.2228 0 .0486 0.0079 0.00 I 0 0.0001 0 .0000 0.0000 0.0000 0 .0000 2 
3 0 .999 3 0.9918 0.9686 0 .9252 0 .86 19 0.7827 0.6937 0.6007 0.5092 0.423 1 0. 1302 0 .0285 0.004 7 0.0006 0 .0001 0.0000 0.0000 0 .0000 3 
4 1.000 0 .9988 0.9933 0.9790 0.9520 0 .9 104 0.8546 0.7868 0.7 103 0.6290 0.2633 0.0759 0.0160 0.0026 0.0003 0.0000 0.0000 0.0000 4 
5 0.9999 0.9988 0 .995 1 0 .9861 0.9691 0.9419 0.9033 0.8535 0.7937 0.4325 0 . 16 13 0 .0433 0.0086 0 .0013 0 .0001 0.0000 0 .0000 5 
6 1.000 0.9998 0 .9990 0 .9966 0 .9909 0.9801 0.9624 0.9361 0.9005 0.6067 0.2859 0.0962 0.0238 0 .0044 0.0006 0.0001 0.0000 6 
7 1.000 0 .9998 0 .9993 0 .9977 0.9942 0.9873 0.9758 0.958 1 0.7559 0.4 37 1 0.1820 0.0553 0.0 124 0 .0021 0.0002 0 .0000 7 
8 1.000 0.9999 0 .9995 0.9985 0.9963 0.9919 0.9845 0.8646 0 .593 1 0.2998 0. 1110 0.0303 0 .0061 0.0009 0.0001 8 
9 1.000 0 .9999 0.9997 0.9990 0.9976 0.9949 0.9328 0.73 18 0.4395 0. 1959 0.0644 0 .0 156 0.0027 0.0003 9 

10 1.000 0.9999 0.9998 0.9994 0.9985 0.970 1 0 .8392 0. 5839 0.3087 0. 12 15 0.0352 0.0074 0.00 11 10 
II 1.000 1.000 0.9999 0.9996 0.9880 0 .9 125 0.7151 0.4406 0.2053 0 .0709 0.0709 0.0032 II 
12 1.000 0.9999 0.9957 0. 9568 0.8209 0.5772 0.3143 0 . 1285 0.0386 0.0083 12 
13 1.000 0.9986 0. 9806 0 .8968 0. 7032 0.4408 0. 2 112 0.0751 0.0192 13 
14 0.9996 0.992 1 0.9456 0.8074 0.5721 0.3 174 0 . 1326 0.0403 14 
15 0.9999 0.997 1 0 .9738 0.8849 0.6946 0 .4402 0.2142 0.0769 15 
16 1.000 0.9990 0.9884 0.9367 0.7978 0 .568 1 0.3185 0. 1341 16 
17 0.9997 0 .9953 0.9680 0.876 1 0.6885 0.4391 0.2148 17 
18 0.9999 0 .9983 0.9852 0.9301 0.7911 0 .5651 0.3 179 18 
19 1.000 0.9994 0.9937 0.9637 0.8702 0.6844 0.43 73 19 
20 0.9998 0.9976 0.9827 0.9256 0.7870 0.5627 20 
21 1.000 0.999 1 0.9925 0.9608 0.8669 0.6821 21 
22 0.9997 0.9970 0.98 11 0.9233 0. 7852 22 
23 0.9999 0.9989 0.99 17 0. 9595 0.8659 23 
24 1.000 0.9996 0.9966 0.9804 0 .923 1 24 
25 0.9999 0.9988 0.99 14 0 .9597 25 
26 1.000 0.9996 0.9966 0.9808 26 
27 0.9999 0.9988 0.9917 27 
28 1.000 0.9996 0 .9968 28 
29 0.9999 0.9989 29 
30 1.000 0 .9997 30 
31 0 .9999 31 
32 1.000 32 

II = 50 0 0.6050 0.3642 0.2 18 1 0. 1299 0 .0769 0 .0453 0.0266 0.01 55 0.0090 0.0052 0.0003 0.0000 0 .0000 0.0000 0.0000 0 .0000 0.0000 0 .0000 0 
I 0.9 106 0.7358 0.5553 0.4005 0.2794 0. 1900 0.1 265 0.0827 0.05 32 0.0338 0.0029 0.0002 0 .0000 0.0000 0.0000 0 .0000 0.0000 0.0000 I 
2 0.9862 0 .92 16 0.8 108 0.6767 0 .5405 0.4162 0 .3 108 0.2260 0 . 160 5 0 . 1 I 17 0.0142 0 .0013 0 .0001 0.0000 0.0000 0 .0000 0.0000 0 .0000 2 
3 0.9984 0 .9822 0.9372 0 .8609 0.7604 0 .6473 0.5327 0.4253 0.3303 0.2503 0.0460 0 .00 57 0 .0005 0.0000 0.0000 0.0000 0.0000 0 .0000 3 
4 0.9999 0.9968 0.9832 0.95 10 0 .8964 0.8206 0.7290 0.6290 0.5277 0.431 2 0. 1121 0.0185 0 .0021 0.0002 0.0000 0.0000 0.0000 0.0000 4 
5 1.000 0 .9995 0.9963 0.9856 0.9622 0 .9224 0 .8650 0.79 19 0 .7072 0 .6161 0.2 194 0.0480 0 .0070 0.0007 0.0001 0 .0000 0 .0000 0.0000 5 
6 0 .9999 0.9993 0.9964 0.9882 0 .97 11 0 .9417 0.898 1 0.8404 0.7702 0.3613 0. 1034 0 .0194 0.0025 0.0002 0.0000 0 .0000 0.0000 6 
7 1.000 0.9999 0.9992 0.9968 0.9906 0 .9780 0.9562 0 .9232 0.8779 0 .5 188 0. 1904 0.0453 0.0073 0.0008 0 .0001 0.0000 0.0000 7 
8 1.000 0.9999 0.9992 0.9973 0.9927 0.9833 0.9672 0.9421 0.6681 0.307 3 0 .091 6 0.0183 0.0025 0.0002 0.0000 0.0000 8 
9 1.000 0 .9998 0 .9993 0 .9978 0.9944 0 .9875 0 .9755 0.7911 0.4437 0 . 163 7 0.0402 0.0067 0 .0008 0.0001 (1.0000 9 

10 1.000 0 .9998 0 .9994 0.9983 0.9957 0 .9906 0 .8801 0.5836 0.2622 0.0789 0.0160 0.0022 0 .0002 0.0000 10 
II 1.000 0.9999 0.9995 0. 9987 0. 9968 0 .9372 0 .7107 0.38 16 0 I 390 0.0342 0.0057 0.0006 0.0000 II 
12 1.000 0.9999 0 .9996 0 .9990 0 .9699 0 .8 139 0 .5 11 0 0 2229 0.661 0.0133 0 .0018 0.0002 12 
13 1.000 0 .9999 0 .9997 0.9868 0.8894 0 .6370 0 3279 0. 1163 0.0280 0 .0045 0.0005 13 
14 1.000 0 .9999 0.9947 0.9 393 0 .748 1 04468 0. 1878 0.0540 0.0104 0.0013 14 
15 1.000 0.9981 0.9692 0.8369 0 .5 692 0.2801 0.0955 0 .220 0.0033 15 
16 0 .9983 0.9856 0.9017 0 .6839 0 .3889 0. 156 1 0.0427 0.0077 16 
17 0 .9998 0.9937 0.9449 0 .7822 0.5060 0.2369 0 .0765 0.0164 17 
18 0 .9999 0.9975 0.9713 0.8594 0.6216 0.3356 0 . 1273 0.0325 18 
19 1.000 0.9991 0.9861 0.9152 0.7264 0.4465 0.12974 0.0595 19 
20 0 .9997 0.9937 0 .9522 0 .8 139 0.56 10 0.2862 0.1013 20 
21 0 .9999 0.9974 0 .9749 0.88 13 0.6701 0.3900 0 . 1611 21 
22 1.000 0.9990 0.9877 0.9290 0.7660 0.5019 0.2399 22 
2l 0.9996 0 .9944 0.9604 0.8438 0.6 134 0.33 59 23 
24 0.9999 0 .9976 0.9793 0.9022 0.7 160 0.4439 24 
25 1.000 0 .9991 0.9900 0.9427 0.80 3,1 0 .5561 25 
26 0.9997 0.9955 0.9686 0.872 1 0 .664 1 26 
27 0 .9999 0 .9981 0.9840 0.92 20 0 .7601 17 
28 1.000 0.9993 0.9924 0.9556 0 .8389 28 
29 0 .9997 0.9966 0.9765 0 .8987 29 
30 0.9999 0.9986 0.9884 0 .9405 30 
3 1 1.000 0.9995 0.9947 0 .9675 3 1 
32 0.9998 0.9978 0 .9836 32 
3J 0.9999 0.999 1 0 .9923 JJ 
34 1.000 0.9997 0 .9967 34 
35 0 .9999 0 .9987 35 
36 1.000 0 .9995 36 
37 0 .9998 37 
38 1.000 38 



I 7 6 Append1x ' 

Table 3 Normal distribution function 
The ta bulated va lu e is ct>( z ) = P( Z ~ z ), 
whe re Z is the s tandardi sed n ormal random variable, N (O, 1 ). 

0 z 

z 0.00 0.01 0.02 0.03 0.04 0.05 0.06 0.07 0.08 0.09 z 

0.0 0.50000 0.50399 0.50798 0.51197 0.51595 0.51994 0.52392 0.52790 0.53 188 0.53586 0.0 
0.1 0.53983 0.54380 0.54776 0.55 172 0.55567 0.55962 0.56356 0.56749 0.57 142 0.57535 0.1 
0.2 0.57926 0.583 17 0.58706 0.59095 0.59483 0.5987 1 0.60257 0.60642 0.6 1026 0.6 1409 0.2 
0.3 0.61791 0.62 172 0.62552 0.62930 0.63307 0.63683 0.64058 0.6443 1 0.64803 0.65173 0.3 
0.4 0.65542 0.659 10 0.66276 0.66640 0.67003 0.67364 0.67724 0.68082 0.68439 0.68793 0.4 
0.5 0.69 146 0.69497 0.69847 0.70 194 0.70540 0.70884 0.71226 0.7 1566 0.71904 0.72240 0.5 
0.6 0.72575 0.72907 0.73237 0.73565 0.73891 0.742 15 0.74537 0.74857 0.75 175 0.75490 0.6 
0.7 0.75804 0.76 11 5 0.76424 0.76730 0.77035 0.77337 0.77637 0.77935 0.78230 0.78524 0.7 
0.8 0.78814 0.79 103 0.79389 0.79673 0.79955 0.80234 0.805 11 0.80785 0.81057 0.81327 0.8 
0.9 0.8 1594 0.8 1859 0.82 12 1 0.8238 1 0.82639 0.82894 0.83 147 0.83398 0.83646 0.8389 1 0.9 
1.0 0.84134 0.84375 0.84614 0.84849 0.85083 0.853 14 0.85543 0.85769 0.85993 0.86214 1.0 
1.1 0.86433 0.86650 0.86864 0.87076 0.87286 0.87493 0.87698 0.87900 0.88100 0.88298 1.1 
1.2 0.88493 0.88686 0.88877 0.89065 0.8925 1 0.89435 0.896 17 0.89796 0.89973 0.90147 1.2 
1.3 0.90320 0.90490 0.90658 0.90824 0.90988 0.9 11 49 0.9 1309 0.9 1466 0.9 162 1 0.9 1774 1.3 
1.4 0.9 1924 0.92073 0.92220 0.92364 0.92507 0.92647 0.92785 0.92922 0.93056 0.93189 1.4 
1.5 0.933 19 0.93448 0.93574 0.93699 0.93822 0.93943 0.94062 0.94179 0.94295 0.94408 1.5 
1.6 0.94520 0.94630 0.94738 0.94845 0.94950 0.9505 3 0.95 154 0.95254 0.95352 0.95449 1.6 
1.7 0.95543 0.95637 0.95728 0.958 18 0.95907 0.95994 0.96080 0.96 164 0.96246 0.96327 1.7 
1.8 0.96407 0.96485 0.96562 0.96638 0.967 12 0.96784 0.96856 0.96926 0.96995 0.97062 1.8 
1.9 0.97 128 0.97193 0.97257 0.97320 0.9738 1 0.97441 0.97500 0.97558 0.766 15 0.97670 1.9 
2.0 0.97725 0.97778 0.9783 1 0.97882 0.97932 0.97982 0.98030 0.98077 0.98 124 0.98 169 2.0 
2.1 0.982 14 0.98257 0.98300 0.9834 1 0.98 382 0.98422 0.9846 1 0.98500 0.98537 0.98574 2. 1 
2.2 0.986 10 0.98645 0.98679 0.98679 0.987 13 0.98745 0.98778 0.98809 0.98840 0.98899 2.2 
2.3 0.98928 0.98956 0.89883 0.99010 0.99036 0.9906 1 0.99086 0.99 111 0.99134 0.99 158 2.3 
2.4 0.99 180 0.99202 0.99224 0.99245 0.99266 0.99286 0.99305 0.99324 0.99343 0.9936 1 2.4 
2.5 0.99379 0.99396 0.99413 0.99430 0.99446 0.9946 1 0.99477 0.99442 0.99506 0.99520 2.5 
2.6 0.99534 0.99547 0.99560 0.99573 0.99585 0.99598 0.99609 0.9962 1 0.99632 0.99643 2.6 
2.7 0.99653 0.99664 0.99674 0.99693 0.99693 0.99702 0.997 11 0.99720 0.99728 0.99736 2.7 
2.8 0.99744 0.99752 0.99760 0.99767 0.99774 0.99781 0.99788 0.99795 0.99801 0.99807 2.8 
2.9 0.998 13 0.99819 0.99825 0.9983 1 0.99836 0.9984 1 0.99846 0.99851 0.99856 0.9986 1 2.9 
3.0 0.99865 0.99689 0.99874 0.99878 0.99882 0.99886 0.99889 0.99893 0.99896 0.99900 3.0 
3. 1 0.99903 0.99906 0.99910 0.999 13 0.999 16 0.999 18 0.9992 1 0.99924 0.99926 0.99929 3. 1 
3.2 0.9993 1 0.99934 0.99936 0.99938 0.99940 0.99942 0.99944 0.99946 0.99948 0.99950 3.2 
3.3 0.999 52 0.9995 3 0.99955 0.99957 0.99958 0.99960 0.9996 1 0.99962 0.99964 0.99965 3.3 
3.4 0.99966 0.99968 0.99969 0.99970 0.9997 1 0.99972 0.99973 0.99974 0.99975 0.99976 3.4 
3.5 0.99977 0.99978 0.99978 0.99979 0.99980 0.9998 1 0.9998 1 0.99982 0.99983 0.99983 3.5 
3.6 0.99984 0.99985 0.99985 0.99986 0.99986 0.99987 0.99987 0.99988 0.99988 0.99989 3.6 
3.7 0.99989 0.99990 0.99990 0.99990 0.9999 1 0.99991 0.99992 0.99992 0.99992 0.99992 3.7 
3.8 0.99993 0.9999 3 0.99993 0.99994 0.99994 0.99994 0.99994 0.99995 0.99995 0.99995 3.8 
3.9 0.99995 0.99995 0.99996 0.99996 0.99996 0.99996 0.99996 0.99996 0.99997 0.99997 3.9 
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Table 4 Percentage points of the normal distribution 

The table gives the values of z sati sfyin g P( Z :o:; z) = p, 

where Z is the standardised normal random variable, N(O, 1 ). 

0 z 

p 0.00 0 .01 0 .02 0 .03 0 .04 0 .05 0 .06 0 .07 0 .08 0.09 p 

0.5 0.0000 0.025 1 0.0502 0.0753 0.1004 0.1257 0. 15 10 0. 1764 0.20 19 0.2275 0.5 
0.6 0.2533 0.2793 0.3055 0.33 19 0.3585 0 .3853 0.4 125 0.4399 0.4677 0.4958 0.6 
0.7 0.5244 0.5534 0.5828 0.6 128 0.6433 0.6745 0.7063 0.7388 0.7722 0.8064 0.7 
0.8 0.84 16 0.8779 0.9 154 0.9542 0.9945 1.0364 1.0803 1. 1264 1. 1750 1.2265 0 .8 
0.9 1.28 16 1.3408 1.405 1 1.4758 1.5548 1.6449 1.7507 1.8808 2 0537 2.3263 0.9 

p 0.000 0 .001 0 .002 0.003 0 .004 0 .005 0 .006 0 .007 0 .008 0 .009 p 

0.95 1.6449 1.6546 1.6646 1.6747 1.6849 1.6954 1.7060 1.7169 1.7279 1.7392 0.95 
0.96 1.7507 1.7624 1.7744 1. 7866 1. 799 1 1.8 11 9 1.8250 1.8384 1.8522 1.8663 0.96 
0.97 1.8808 1.8957 1.9 11 0 1.9268 1.943 1 1.9600 1.9774 1.9954 2.0 14 1 2.0335 0.97 
0.98 2.0537 2.0749 2.0969 2. 120 1 2. 1444 2. 1701 2.1973 2.2262 2.257 1 2.2904 0.98 
0.99 2.3263 2.3656 2.4089 2.4573 2.5 12 1 2.5758 2.6521 2.7478 2.8782 3.0902 0 .99 



I Introduction to statistics 

EXERCISE /A 

1 (a) Qua litative; 

(b) Di screte quantitative; 

(c) Continuou s quantitative (but age in yea rs is di screte); 

(d) Con tinuous quantitative; 

(e) Qualitative; 

(f) Discrete quantitative; 

(g) Discrete quantitati ve; 

(h) Continuous quantitative; 

(i) Di screte quantitative; 

(j) Qualitative. 

EXERCISE IB 
1 In thi s ques tion more than one answer is possible. You may find 

answers in addition to those given be low. 

(a) The populations mentioned in the passage wi ll relate to all first 
divi sion matches in the season and arc either the result s, the tota l 
number of goa ls scored or the amounts of time played before a 
goa l is scored; 

(b) The total numbers of goa ls scored in each match played on the 
fir st Saturday of the season; 

(c) Mean number of goa ls per match for the season; 

(d) Mean number of goa ls per match on the fir st Saturday of the 
season; 

(e) The res ult of matches (home, away or draw); 

(f) Number of goa ls scored in each match (the mean number of goa ls 
scored in each match is also discrete. For exa mple if I 00 matches 
were played the on ly poss ible outcomes are 0.00, 0.0 I, 0.02 ... , 
however, the steps will be so sma ll that thi s could also be trea ted 
as a continuous variab le); 

(g) The amount of tim e played before a goa l is scored; 

(h) The data the journali st collec ted in the season; 

( i) The mean number of goa ls per game in the previou s season. 



EXERCISE IC ------------------
1 (a) Place of birth, sex; 

(b) Height, weight; 

(c) Number o f pupil s we ighed (age in yea rs and months is a lso 
di scre te a lthough exact age is continuous); 

(d) The da ta coll ected a t the medica l exa mina tion; 

(e) The da ta coll ected by th e class; 

(f) The weight s o f a ll second yea r pupil s; 

(g) The weig h ts of those second yea r pu pil s who we re we ighed; 

(h) Mea n we ight o f a sa mple of pupil s. 

2 Numerical measures 

EXERCISE 2A 
1 Mode 6, medi a n 9, mean 10. 

2 Mea n 11.7, mode 9, medi an 10. 

3 96 kg. 

4 Mode I , medi a n 2, mea n 2.02. 

5 (a) 4 • (b) 4; (c) 3.85. 

6 (a) 10; (b) I 0; (c) 8.42 . 

The highes t ma rk is 10 (a lthough a lso by far the mos t common) . It 
would be more rea li sti c if your meas ure of 'ave rage' re fl ected the fac t 
tha t no ma rk s a re grea ter tha n 10 bu t a substanti a l number o f ma rk s 
a re less tha n 10. Mea n is pre fe rred . 

7 {3, 3, 4, 5, 10}, {3, 3, 4, 6, 9}, {3, 3, 4, 7, 8}. 

EXERCISE 28 _ ~-
1 (a) 93.75 g; 

2 (a) 62-63 s; 

3 (a) 100- 110; 

4 (a) £ 176; 

5 65.7s. 

EXERCISE 2C --
1 9, 17. 

2 33 .5. 

(b) 93.70 g. 

(b) 62. 5 s; 

(b) 106.3 em; 

(b) £ 183. 

-------

3 Medi a n 19, lower quartile 16, uppe r qua rtil e 2 1. 

(c) 62.2 s. 

(c) 105.8 em no t 
w ithin tole ra nce. 
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4 Lower quartile 9, upper quarti le 16, median 13. 

5 Lower qua rti le 9, upper quarti le 15.5, median 13. 

6 (a) 3.63 min; (b) 2.2 1 min, 5.66 min; (c) 3.44min . 

7 (a) £313; (b) £203. 

8 (a) 6 ,;; X< 7; (b) £6.16; (c) £1.56. 

9 Mode 6, med ian 7, interquarti le range 2. 

10 {0, I, I, I , I , I, 9} {1. I. I, I. I, I. 8}. 

EXERCISE 20------------------
1 3.63 . 

2 A mean 5, sd 1.58. 8 mea n 5, sd 3. 16. 

3 Mean 80, sd 4.63. 

4 3.63 same as question I since va riability of both sa mples is the same. 

5 8.66 kg. 

6 Mean 60.2, sd 18.8. 

7 Mea n 54.6 s, sd 8.33 s. 

EXERCISE 2E -----------------­
Mean 3.5 1, sd 1. 73. 

2 Mean 1.70, sd 1.61. 

3 Mean 1.32, sd 1.83. 

4 Mean 78.25, sd 7.66. 

5 Mea n 13.25, sd 5. 18. 

EXERCISE 2F -----------------­
Mean 23, sd 4. 

2 Mean 3.3 em, sd 0.4 em. 

3 (a) Mean £51, sd £ 18; 

(b) Mean£31.50,sd£9. 

(c) Mean £30, sd £ 12. 

4 Median 0.235, interquartil e range 0.063. 

5 (a) Mean 230 g, interquartile range 63 g; 

(b) Mean 223.8 g, interquartile range 60 g. 



6 (a) Mea n £ 12400,sd £ 1000; 

(b) Mea n £ 12 535, sd £ 1090. 

7 Mode 4, ran ge 4 . 

EXERCISE lG ____ --------------
1 A's ba tteri es a re to be preferred as they las t longe r a nd a re less va riab le 

tha n B's. 

2 (a) Line I : m ea n 22 1, sd 104 .2 . 
Line 2: m ean 206, sd 23.9; 

(b) Produ cti on line I has been go ing sli ghtl y longer on average 
be tween stoppages tha n produ ction line 2. The inte rva ls a re much 
more va riable for line I . 

3 Line I : medi a n 205, inre rqu a rtil e ra nge 176. 
Line 2: medi a n 209, interqu artil e ra nge 27. 
Average as meas ured by media n longer fo r line 2 but, as for th e mean, 
th e difference is small . Inte rval s much more variable fo r line I as in 2(b) . 

4 (a) A's ro pes a re stron ges t on average but a re much m ore vari a ble 
than B's o r C's . C's ropes a re much wea ker tha n A's o r B's on 
ave rage. They are the leas t va ri a ble. 

(b) High mea n and low standa rd devia ti on is des irable. B is the bes t 
option . 

5 (a) Moira: mea n £3 182, sd £ 184 3. 
Eve rton : mea n £3522 , sd £637. 
Syra: mea n £2 592, sd £280; 

(b) Syra has lowes t ave rage sa les w ith low va riability. Mo ira has 
hi gher average sa les but is very e rra ti c. Everton is m os t sa ti s fac to ry 
w ith hi ghes t avera ge sa les a nd less va ri ability tha n Moira . 

6 Moira : m edi an £2750, interq ua rtil e range £28 10. 
Eve rton : medi a n £3435, inte rqu a rtil e ra nge £ 1000. 
Syra: media n £2595, inte rq ua rtil e ran ge £460. 
Compari son as fo r 5(b). 

7 (a) Medi an 36 1, inte rquartile ra nge 507; 

(b) Time to fir st ca ll out fo r Cham pion is longer on ave rage but m ore 
va ri able; 

(c) (i) Medi a n 526, interqu artile ran ge 893; 

(ii) Average simila r but now Ace is more va ri a ble; 

(d) Only have to wa it fo r 75% o f machines to breakdown to ca lcula te 
medi a n and IQR. Need da ta fo r a ll machines to ca lcul a te mea n 
and sd (a lso media n and IQR less influenced by a few, very la rge 
va lues. ) 
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3 Probability 
Answers give n as frac tions or decimals are acceptab le. 

EXERCISE. 3A 
I 5 I 

I (a) 
20 

or 0 .05; (b) - or - or 0 .25 · 
20 4 ' 

6 3 2 I 
(c) -or -or 0.3 · (d) -or - or 0. 1. 

20 10 ' 20 10 

I 2 4 
2 (a) - (b) (c) 7' 7' 7 

3 (a) 
I 

(b) 
4 

(c) 
5 

-
7' 7' 7 

4 (a) 
7 

(b) 
I 

(c) 
4 

(d) 0; (e) 
I -

15' 3' 5 ' 3 

5 (a) 
I 

(b) 
3 

(c) 
9 

(d) 
3 

- -
II ' II ' II' II 

EXERCISE. 38 -- -----------
0.4. 2 0.78. 

3 (a) 0.6; (b) 0.5; (c) 0 .9. 

4 (a) 0.7; (b ) 0.4; (c) 0 .8; (d) 0.7; (e) 0.2. 

5 (a) 
27 

(b ) 
32 

(c) 
3 

(d) 
23 -

35' 35' 35' 35 

6 (a) (i) A a nd B, ( ii) A and Cor Ba nd C; 

(b) The event that the baby w il l not have blue eyes. 

7 (a) A; (b) Yes; (c) Ba nd C. 

EXERCISE. 3C 
I 

I 0.42. 2 0.022. 3 '4 or 0.25. 

4 (a) 0.0 1; (b) 0.8 1. 

I 
5 8 or0.125. 

EXERCISE. 3D---- -------
Answers to three signifi ca nt fi gures. 

I (a) 0.165; (b) 0.48; (c) 0.615. 

2 (a) (i) 0.846, 

(b) (i) 0.779, 

3 (a) (i) 0.0625 ; 

(b) (i) 0.422, 

(c) 0. 3 16. 

( ii) 0.147, 

(ii) 0.203, 

(ii) 0.375; 

( ii) 0.14 1, 

(iii) 0.154; 

(iii) 0.0 182 . 

(iii) 0.156, (iv) 0.844. 
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4 (a) ( i ) 0.64, ( ii ) 0.24, (ii i ) 0.665, 

( iv) 0.9025, (v) 0 .335; 

(b ) ( i ) 0.5 12, ( ii ) 0.288, ( ii i) 0.008, 

(iv) 0.5 155, (v) 0.036 . 

E.XE.RCISE. 3E. -------
1 (a) 

5 
(b ) 

2 
(c) 

3 
(d ) 

47 
(e) 

9 
-
8' 3' 8' 120' 10 ' 

(f) 
47 

(g) 
28 

(h ) 
7 

(i) 
33 

(j) 
7 

-
80' 75' 10' 80' 30 

2 (a) 
23 

(b) 
12 1 

(c) 
25 

(d ) 
11 9 I 

30' 150 ' 29' 150' 
(e) 

6' 

(f) 
3 

(g) 
2 

(h ) 
90 

( i ) 
3 1 

5' 5' 12 1' 35 

3 (a) 
4 

(b ) 
2 

(c) 
5 

(d) 
2 4 - (e) 

9' 3' 9' 15' 5' 

(f) 
13 

(g) 
I 

(h ) 
7 

( i ) 0. -
23' 5' 10 ' 

(j) A and C not independent. 

E.XE.RCISE. 3F - - --
Answers to three significa nt figures. 

1 (a) 0. 195; (b) 0.499 . 

2 (a) 0.357; (b) 0.536. 

3 (a) (i) 0.0 152, ( ii) 0.182, (iii) 0.227; 

(b) (i) 0 .0909, ( ii) 0.136, (iii) 0.409, (iv) 0.2 18. 

4 (a) 0.0480; (b) 0.506; (c) 0.305 . 

5 (a) 0. 196; (b) 0.0240; (c) 0.0840; (d) 0 .0960; 

(e) 0.240; (f) 0.228; (g) 0.192. 

6 (a) 0.0461 ; (b) 0.233; (c) 0.01 2 1; (d) 0.279; 

(e) 0.0 10 1; (f) 0 .266; (g) 0 .152. 

MIXE.D E.XE.RCISE. 

I (a) 
I 

(b) 
I 

(c) 
30 

(d) 
8 

343' 49 ' 49' 343' 
(e) 6. 

2 (a) ( i ) 0 .576, ( ii) 0 .932; (b) 0.91 2. 

3 (a) 0.0429; (b) 0.142; (c) 0. 12 15; (d) 0. 189; 

(e) 0.334 . 

4 (a) (i) 0.36, ( ii) 0 .09, ( ii i) 0.89, ( iv) 0.36; 

(b) R'nT' [or(R UT)' J. 
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5 (a) (i) 0.343, ( ii) 0.44 1, 

(b) (i) 0.063 , ( ii) 0.09; (c) 0. 141. 

6 (a) (i) 0 .12, ( ii) 0.0455, (iii) 0 .3 18, (iv) 0 .0 133, 

(v) 0 .893; 

(b) 0.0827. 

7 (a) (i) 0.462, (ii) 0.223, (iii) 0.808, (iv) 0.5 17; 

(b) (i) 0 .1575, (ii) 0.153; 

(c) 0.224 . 

4 Binomial distribution 
Answers g ive n as fra ctions o r decimals a re acceptable. 

EXERCISE 4A ------------------

I 

3 
P( 2 boys ) = 0.53 + 0 .53 + 0. 53 o r g. 

MM F 0.5 3 or (i)3 

= i 
MFM 0.5 3 

FMM 0.5 3 



2 

\ 
2 

I 
2 

H 

I 
2 

I 
2 

I 

!. H~H 
2 Z 
I 1' 

H \ 

2 T~H 1' 
I 
2 

I 
2 

\ 
2 

(a) p(l hoaw~J' +~)' +~)' +~)' ~ ~. ~ ~ 
(b) P(l hoaW ~)' + ~)' + ~)' + ~)' + ~)' + ~)' ~ ~6 ~ ~ 
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3 0.4 X 0.4 X 0.4 = 0.064 

4 

not not not 
li ght li ght li ght 

I 
3 

2 
3 

I 

<
[ 0~~ 

0 I 

__2--- o 
3 0 --------

2 0 
3 
I 

<
[ 0~~ 

0 3 
I 

__2--- o 
3 0 --------

2 0 
3 

I I I I 
(a) P(no squares ) = 3 X 3 X 3 = 27; 

OOO(a) GY 
ODD(b) (t) X (~Y 
DOD (b) (~) X (t) X (~) 

DDO(b) (~Y X (t) 
DDD (b) (J.3)3 

1 (2)
2 

1 (2)
2 

1 (2)
2 

(2)
3 

(b) P(2 or 3squares ) =3 X 3 +3 x 3 +3 x 3 + 3 

4 4 4 8 
= 27 + 27 + 27 + 27 

20 
= 27 

(At leas t two squares mean s two or three. ) 

£XERCIS£ 48 -------------------
1 (4)( I )2(3)2 I 9 27 1 n = 4, p = 4, P(X = 2) = 

2 
4 4 = 6 X 16 X 16 = ill· 

3 (5)(3)4(2)1 8 1 2 162 
2 n = 5, P = 5· P(X = 4) = 

4 
5 5 = 5 X 625 X 5 = 625· 

3 n = I 0, p = 0.4, P(X = 3) = ( I~)( 0.4 Y( 0.6 y = 120 X 0.064 X 0.67 

= 0.2 15 . 

4 n = I 0, p = 0.2, P(X = 3 ) = ( 
1 ~)( 0.2 Y( 0.8 Y = 120 X 0 .008 X 0.87 

= 0.201. 

5 n = I 0, p = 0.3, P( X = 4) = (' ~)( 0.3 t( 0 . 7 )
6 

= 2 10 X 0 .34 X 0. 76 

= 0.200. 

6 n = 20, p = 0.15, P(X = 2) = e~) ( 0.15 )2
( 0.85) 18 

= 190 X 0.152 X 0.8518 = 0.229. 

2 I 
P( 0 ) = 6 = 3 

4 2 
P( 0 ) = 6 = 3 



7 n = 30, p = 0.2, P(X = 8) = ( 3~)( 0 .2) 8 (0.8) 22 = 5852925 X 0.2 8 X 0.822 

= 0.111. 

8 n = 25, p = 0.1, P( X = 2) = e~)(O. I )2 (0.9) 23 = 300 X 0.01 X 0.923 

= 0.266. 

EXERCISE. 4C --------
An swers from ta bles ha ve been given to four decimal places. However 
three signifi cant fi gures is suffi cient. 

n = 20, p = 0.2, X - 8(20, 0.2) 

(a) P( X::S3 ) = 0.4 11 4; 

(b) P(X < 3) = P(X::S 2) = 0 .206 1; 

(c) P( X > I ) = 1 - P(X::S I ) = I - 0.0692 = 0.9308. 

2 
2 n = 8,p =s,X - 8(8,0.4) 

(a) P(X < 3) = P( X::S2) = 0.3 154; 

(b) P(X2:2 ) = I - P( X::S I )= 1 - 0. 1064 = 0.8936; 

(c) P(X = 0) = 0.0 168. 

I 
3 n = 25, p = 5 = 0.2, X - 8( 25, 0 .2) 

(a) P(X > 5) = I - P(X::S 5) = I - 0.6 167 = 0.3833; 

(b) P(X;::: 6) = I - P(X:::; 5) = 0 .3833 
a t least 6 = 6 or more= more than 5 see (a) ; 

(c ) P(X < 4) = P(X ::S 3) = 0.2340. 

4 n = 25, p = 0.3, X - 8(25, 0.3) 

(a) P(X < 5) = P(X:::; 4) = 0.0905; 

(b) P(X::S8) = 0.6769 
no more than 8 = 8 or less; 

(c) P(X > 3) = I - P(X::S 3) = I - 0.0332 = 0.9668. 

3 
5 n = 20, p = 100 = 0 .03, X - 8(20, 0.03) 

(a) P(X = 0) = 0 .5438; 

(b) P(X2:2 ) = 1 - P(X::S I )= I - 0.8802 = 0. 1198; 

(c) P(X < 3) = P(X::S2)=0.9790; 

(d) P(X = I ) = P( X :::; I) - P( X = 0) = 0.8802 - 0.5438 = 0.3364 

or e~>0.03) 1 (0.97) 1 9 = 0.336 ( th ree significan t figure s ). 

6 n = 25, p = 0.15, X - 8(25, 0.15) 

(a) P(X ;;, 4) = I - P(X ::S 3 ) = I - 0.47 11 = 0.5289; 

(b) P(X::S 5) = 0.8385 
no more than 5 = 5 or less; 

(c) P(5 ::SX::S 10) = P( X ::S 10) - P(X ::S 4) = 0 .9995-0.682 1 = 0.3174. 

0, I, 2, 3, ~ .. . 

~3. 4 ... 
0, 1,12. 3, 4 ... 

X ::S I X > l 

~3 . 4 .. . 
0, 1.1 2. 3, 4 .. . 

X ::S I X ;;, 2 

o. 1. 2. 3, 4, 5.~ 

X ::S 5 X > 5 

0, I, 2, 3,1 4. 5, 6, 7 .. . 

0, I, 2, 3, 4,15, 6, 7, 8 

0, I, 2, 3, 4, 5, 6, 7, 8,19 

0, I, 2, 3,1 4. 5, 6, 7, 8, 9 ... 

X ::S 3 

0, 1.1 2. 3, 4 

O,T,2,]3, 4 

Q.T.l2, 3, 4 

X > 3 

Answers 187 

0, I, 2, 3,1 4. 5, 6, 7, 8, 9,10 ... 

X ::S 3 X ;;, 4 

0, I, 2, 3, 4,15. 6, 7, 8, 9, 10.111 ... 

X ::S 4 5 ::S X ::S 10 
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7 11 = 12, p = 0.2 , X - 8 ( 12, 0 .2 ) 

(a) P (X ~ 3) = 0 .7946; 

(b) P( X = 3 ) = 0.2363 = P(X :S 3 ) - P( X :S 2 ), (direct ca lcu la ti on gives 
0.2362 ); 

(c) P( X ~ I ) = 0.2749 
no more than I = I or fewer; 

(d) P( ~ 10 agree) = P( 10, II , 12 agree) = P(O, I, 2 refu se ) 
P(X :S 2) = 0.5583; 

8 11 = 40,p = 0. 15, X - 8(40,0. 15) 

(a) P(X~ 5) = 0.4325; 

(b) P( X = 7 ) = P(X :S 7) - P( X :S 6 ) = 0 .7359 - 0.6067 = 0. 1492 
(d irec t ca lculat ions gives 0. 1493 ); 

(c) P(4 :S X :S 10) = P(X :S 10) - P(X :S 3) = 0.970 1 - 0.1302 = 0.8399; 

(d) P( 36, 3 7, 38, 39, 40 agree) = P( 0, L 2, 3, 4 decline) 
P( X :S 4) = 0.2633. 

9 (a) 0.0644; 

10 (a) (i) 0.5 12, 

(b) (i) 0.49 1, 

E.XE.RCISE. 40 

(b) 0.9956; 

(ii) 0.384; 

(ii) 0.42 1. 

(c) 0.0 190. 

Answers from tables have been given to 4 d.p. Howeve r, 3 signifi ca nt fi gures is 
suffi cient. 

l (a) W - 8(20, 0.08) 

(i) P(W = O) = O. I887, 

(ii) P(W ~ 2) = 1 - P(W :S I ) = 1 - 0.5 169 = 0.483 1, 

(iii) P(W = 2) = P(W :S 2) - P(W :S I ) = 0.7879 - 0.5 169 = 0.27 10; 

(b) R - 8(22, 0.08) 

P(R ~ 2) = I - P(R = I) - P(R = 0) 

= I _ e~)(0.08)(0.92) 2 1 
_ (0.92) 22 

= I - 0.3055 - 0. 1597 = 0.5 348. 

2 (a) 11 = 40, p = 0. 15, x - 8(40, 0. 15) 

(i) P(X :S 5) = 0.432 5, 

(ii) P( X = 7) = P(X :S 7) - P( X :S 6) = 0.7559 - 0 .6067 = 0.1492, 

(iii) P( X > 4) = I - P(X :S 4) = I - 0 .2633 = 0.7367; 

(b) 11 = 25, p = 0.2, X - 8(25, 0.2 ) 

(i) P(X ~ 3) = I - P(X :S 2) = I - 0 .0982 = 0.90 18, 

(ii) P( X :S 5) = 0.6 167; 

(c) X is not binomia l, since th e to ta l number of tria ls is not fi xed. 

I 
3 11 = 25, p = 5 = 0.2 . x - 8(25, 0.2) 

(a) (i) P(mark s ~ 8) = P(X :S 8 ) = 0 .9532 

(ii) P(marks > 12) = P(X > 12) = I - P(X :S 12 ) 
= I - 0.9996 = 0.0004, 

(iii) P( 10 marks ) = P(X = 10) = P( X ::; 10) - P( X ::; 9) 
= 0.9944 - 0.9827 = 0.0117 (direct ca lcu la tio n 

gives 0.0 118 ); 

0,1,2,]3, ~. 5 

0, I, 2, 3, 4, 5, 6,17.18 ... 

o, I, 2, 3,14, 5, 6, 7, 8, 9, Io.III 

X ::S 3 4 ::S X ::S l0 

0, 1,2, 3,4,~ 

X > 4 

0,1,2.~ 

X ::s; 2 x ~ 3 

0, .. . , 10, II, 12, [13 

X ::s; l2 X ~ l3 



(b) M ean ma rk = np = 25 X 0.2 = 5 

(i) 0, 

( ii) 75 

4 X - 8 (20, 0.4) 

5 

6 

(a) P( X ;:, 10 ) = I - P(X ~ 9 ) = I - 0.7553 = 0.2447; 

(b) P( yes ) = 0.6 too big for tab les 

P(no ) = 0.4 usc p = 0.4 

P( ;:, 10 say 'yes' ) 

= P( :s I 0 say 'no' ) X - 8 (20, 0.4 ) for ' no' 

= 0.8725; 

(c) Union m eeting is li kely to influence opinion s. 

(a) 

(b) 

(c) 

(a) 

(b) 

(c) 

Probabil i ty o f vot ing ' Yes' m ay be different for those attending 
m ee ti ng. 
Trials arc not independent as a show o f hand s is used . Drive rs m ay 
be influenced by how friend s vote. 

(i) 0. 3823, 

( ii) 0. 3669; 

4, 1.55; 

(i) 3.92, 3. 17 (or 3.05) , 

(ii) m ea n simi lar, sd m uch grea ter 
-7 binomia l not good m odel 
-7 Siball i 's beliefs not plausible. 

(i) 0.0433, 

( ii) 0.4395; 

No, n not constant; 

p m ay change (decrease ) as Dw ight ga ins ex peri ence 

5 The normal distribution 

Most an swe rs are round ed to 3 s. f. and can vary sligh tly 
dependent o n w he ther tab les or a calcul ator a re used . 

EXERCISE SA 
l (a) 0.89 1; (b) 0.834; (c ) 0.968; 

(d) 0.663; (e ) 0.536; (f) 0.942; 

(g) 0.974; (h) 0. 726; (i) 0.99 1; 

(j) 0.853. 

EXERCISE 58 
(a) 0.0869; (b) 0.28 1; (c ) 0.109; 

(d) 0.195; (e) 0.374; (f) 0.0262; 

(g ) 0.008 89; (h) 0. 258; (i) 0.464; 

(j) 0.0885. 

Answers 189 

10, II, 12, ... , 19, 20, Yes 

10, 9, 8, ... , I , 0, No 
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EXERCISE SC 
1 (a) 0 .0823; (b) 0.28 1; (c) 0.862; 

(d) 0.68 1; (e) 0.326; (f) 0.626; 

(g) 0.26 1; (h) 0.802; (i) 0.773; 

(j) 0.330. 

EXERCISE SD 
1 (a) 0.209; (b) 0.0948; (c) 0.5 16; 

(d) 0.877; (e) 0. 11 2; (f) 0.02 14; 

(g) 0 .888; (h) 0.003 6 1; (i) 0.0792; 

(j) 0.968. 

EXERCISE Sf 
1 (a) 1.4; (b) 0 .6; (c) - 0.8; 

(d) - 1.6; (e) 2. 1. 

2 (a) 0.652; (b) - 1.370; (c) 1.348; (d) - 1.804. 

3 (a) 1. 167; (b) - 0. 167; (c) 0.667; (d) - 1. 167 . 

EXERCISE SF 
I (a) 0.663; (b) 0. 104; (c) 0.134; 

(d) 0 .943; (e) 0.396; (f) 0.256. 

2 (a) 0.779; (b) 0.663; (c) 0.0336; 

(d) 0.0367; (e) 0.91 3; (f) 0.295. 

3 (a) 0.245; (b) 0. 755; (c) 0.832; 

(d) 0. 1 52; (e) 0.659; (f) 0.603. 

4 (a) 0.637; (b) 0.0838; (c) 0.0455; 

(d) 0.705; (e) 0. 1 79; (f) 0.395 . 

5 (a) 0 .230; (b) 0.1 52; (c) 0.858 . 

EXERCISE SG 
1 (a) + 1.960; (b) - 1.282; (c) - 1.645; 

(d) + 1.44 (using interpo lation); (e) - 1. 960; 

(f) + 1.036; (g) - 0.842; (h) + 1.282; 

(i) +2.326. 

2 (a) - 1.645 and + 1 .645; 

(b) - 2.576 and +2.576; 

(c) - 3.090 and + 3.090. 



EXERCISE SH 
(a) 85.5; (b) 80. 1; (c) 69.3; 

(d) 88.8; (e) 59.2-88.8; (f) 66.4-8 1. 6; 

2 (a) 42 1; (b) 370; (c) 355; 

(d) 32 1; (e) 23 1; (f) 277--433. 

3 (a) 2.35 p.m.; (35 minutes pa st 2- answer to nearest minute lO ensu re 
arri ving before 3.00); 

(b) 2.30 p.m .; 

(c) 2.26 p.m .; 

(d) 2.46 p.m.; 

(e) 2.40 p.m. (nea res t minute to arri ve after 3.00 p.m.); 

(f) 2.47 p.m. 

EXERCISE 51 
26.78-3 1. 62 em. 

2 (a) (i) 0 .894, (ii) 0.493; 

(b) Longes t poss ible stay is 60 minutes . For proposed model about 
60% of tim es will exceed 60 minutes. Model could not apply; 

(c) 99.9% of norma l di stribution less than f.L + 3a, i. e. 
65 + 3 X 20 = 125 minutes . Model could be plaus ible for users 
entering 125 minutes or more before closing time, i.e. 6.55 p.m. 

No te: thi s answer is ve ry ca utious, yo u could argue that 95% of the 
di stribution is sufficient. 

3 (a) 0.405; (b) £76 1; (c) 0.0269; 

(d) Ca nnot be exact beca use money is a di screte va ri able and also 
because negative tak ings imposs ible. 

EXERCISE 5) 
Interpola tion has been used, yo ur answers may be sli ghtly different if you 
have not used interpolation. 

(a) 0.909; (b) 0.0710; (c) 0.838. 

2 (a) 45.75-46.65 em; 

(b) 46.58 em; 

(c) 128. 

3 (a) (i) 0. 122, ( ii) 0.661, (iii) 0.488; 

(b) 15.6 -20.4 s. 

4 (a) 129; 

(b) Large sa mple-> sa mple mean normally di stributed, wha tever the 
popula tion di stribution; 

(c) Might be inva lid if sa mple size small and population not normal 
(or sample not random ). 

Answers 191 
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MIXED EXERCISE. 

I 

2 

3 

4 

5 

6 

7 

8 

9 

10 

(a) 0 .29 1 or 29. 1 %; (b) 403. 

0.84 1. 

(a) 0 .159; (b) 0.801; (c) 60.2g. 

(a) 0 .9 19; (b) 0.274; (c) 8. 11 a.m. 

(a) 0.022 75; 

(b) 0.82 1, 

(c) 0.0886 (answers may be sli ghtly diffe rent withou t interpo lation). 
Large sample in (c) so answer unchanged if we ight s not norma ll y 
di stributed. 

0.04 75 or 4. 75%. 

0.9 10. 

(a) 0.401; (b) 0.69 1; (c) 0.494, unaffected. 

(a) 0.2 12 or 2 1.2%; (b) 22.6 g. 

(a) 0.386; (b) 0.0644. 
Money is di scre te va riab le norma l is cont inuous; ca nnot car ry a 
negative amount o f change. 

ll (a) 0.1 15; (b) 33.2 g. 

12 (a) (i) 0.022 75, (ii) 0.440, (iii) 0.785; 

13 

(b) (i) Mean only 1.08 sd above zero. For norma l this gives probabi li ty 
of about 0.14 of nega tive times, which are imposs ible, 

(ii) Large sa mple ---t mean approximate ly normal ly di stributed. 

(a) (i) 0.655, ( ii) 0.444; 

(b) 0.736; 

(c) 0. 11 5; 

(d) 423 ml ; 

(e) 9.65 m i. 

14 (a) 0.685; 

(b) 40.5 m; 

(c) 40 m, 4.9 m ; 

(d) Gwen. Yuk Ping ha s a neg li gible chance of throwing 48 m . 

15 (a) (i) 0.0495, (ii) 0.000 05; 
I and II a ren' t sa ti sfi ed. 

(b) (i) 105.3 m l, (ii) 106.5 ml. 
mean a t least 106.5 m l; 

(c) (i) 103 .3 ml (mea n), 3.98 m l (sd), 

(ii) Yes. condition s ju st met, but if sd reduced, conditions can 
be met with sma ll er mean con tent. 



6 Confidence intervals 

An swers a re rounded . More tha n 3 s .f. a re give n w here ap prop ri a te . 

EXERCISE. 6A 

2 

(a) 58.64-60.00; (b) 58.8 1- 59.83 ; (c) 59. 10- 59.54. 

(a) (i) 65.0-82.2, ( ii) 63.3-83.8, (iii) 60. 1-87.0; 

(b) (i) 83 .9-97.3, ( ii) 80.4- 100 8, (iii) 77.1 - 104.1; 

(c) Ath le tes seem to ha ve a lower mean dia sto lic blood press ure than 
fo r th e popu la t ion o f hea lth y adults (84.8 is above the 95% 
confidence inte rva l, a lthoug h it is ju st inside the 99% inte rva l) . On 
thi s evidence chess club members a rc consistent with th e 
popu la ti on of hea lth y adults as 84.8 li es w ithin the confid ence 
inte rva ls. 

3 63.5- 11 5.5. 

4 (a) 10 1. 7- 159.2; (b) 29 .3- 174. 1; 

(c) Station mana ge r's claim is incorrect. Eve n making th e lowes t 
reasonab le es timate o f the mea n th e g rea t m ajorit y of passen ge rs 
wi ll queue for m ore than 25 s. 

5 (a) 494.69-499.63; (b) (i) 7.5 g, (ii) 440.3-478.9; 

(c) Confidence interva l ca lcu la ted in (a) sugges ts that the mean 
we ight o f pick les in a ja r is above 454 g but inte rva l ca lcu lated in 
(b) sugges ts tha t many ind ividual jars w ill conta in less than 454 g 
o f pi ckles. 

EXERCISE. 68 
l £93.6-£ I 0 1.4. 

2 (a) 8 12.2-883.8g; (b) 83 1.3-864.7 g. 

3 (a) 72.54-75.46 em; 

(b) No diffi cu lty as sa mple is large so mean will be approx ima te ly 
norma ll y d istributed. 

4 (a) (i) 2.7 17-2.755 em, (ii) 2.679-2.70 1 em; 

(b) 2.608-2.772 em; 

(c ) Confid ence inte rva ls do not ove rl ap so mean for so ft centres clear ly 
grea ter than mea n for ha rd cent res. Howeve r interval ca lcu la ted in 
(b) shows that man y hard-centred chocola tes arc bigge r than th e 
mea n o f th e so ft- centred choco lates. Diameter not a great deal of 
u sc because o f large amount of overl ap. 

5 (a) 201.35-208.5 1 g; (b) (i) 0 . 150, (ii) 0.0265; 

(c ) Average weigh t okay, too large a pro po rti o n less than 19 1 g a nd 
less than 182 g. Thi s co uld be rec t ifi ed by increas in g the mea n . 
Mee t in g the requ ire m ent s in thi s way w ill mea n that th e m ea n 
contents a re quite a lot over th e n omin a l we ight. Redu cin g th e 
standard dev iati on is expe ns ive but wou ld a ll ow th e 
require m ent s to be me t w ith a sma ll redu c ti on in the current 
m ea n con te nt s. 

Answers 193 
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EXERCISE 6C 
I (a) 266- 5 16 days; (b) 0. 1. 

2 (a) ( i) 2640- 3080 hours, (ii) 139; 

(b) (i) Some un ce rta inty as sample is small , 

( ii) No prob le m as sample is large; 

(c) Some doub t a s if stand a rd deviation is 300, the sa mple ra nge is 
onl y abo ut 1.5 standa rd devia ti on s (or es tima ted stand a rd 
dev iation on ly 184). 

3 (a) (i) 193. 1- 200. 1 g, ( ii) 195.1 - 198. 1 g; 

(b) (i) 0.05, (ii) 0.05 ; 

(c) 0.02 . 

4 (a) 925- 1092 days; 

(b) No substa nti a l ev id ence o f a ny diffe rence; 

(c) 167; (d) 75.8; (e) 20. 

5 (a) 46.8-49.4 ho urs; (b) 2.67; 
(c) 85.8%; (d) 0.142. 

6 (a) 3 11 - 943 ml; 

(b) (i) Distribution a ppea rs skew (3 ze ros ), 

( ii) a mou nt ca nn ot be negative; 

(c) (i) 926- 994 ml , 

( ii) large sa mple ---7 mean norma ll y di stributed, 

(iii) fir st da y unlike ly to be typ ica l/night shift may differ from day 
shift. 

7 (a) (i) 496.7- 500.5 g, (ii) 497.4-499.8 g; 

(b) (i) (A) 0 .8; (B) 0.15, (ii) O. I9. 

8 (a) 36 .3- 60.5; 

(b) (i) 46.42- 52.58, (ii) 17.2- 8 1. 8; 

(c) Evidence mea n exceed s 25, bu t som e indi vidua ls w ill score less 
th a n 25; 

(d) Inte rva l narrower, no need for normal ass umption ; 

(e) Both sa mples ran dom so confid en ce interva l va li d. Estima te bette r 
bu t no t much. 

7 Correlation 

EXERCISE 7A 
Ye s, (ii) Yes, (iii) No; (a) (i) 

(b) (i) No - a ll po int s do no t lie on the sa m e line, 

(ii) Yes- weak, nega ti ve corre la tion is evident, 

(iii) No- - I :s r :s I so r = 1.2 is imposs ible. 



2 An swers to thi s question arc approx imate. 

(i) 0.9; 

(ii) - 0 .3; 

(iii) 0.85; 

(iv) 0 . 

3 (a) and (b) (i) y (ii) 

50 X 
X 

25 X r = I 

X 

00 
X 

3 6 9 12 X 

(iii) y (iv) 

5 X X 

X 

X 
r = O 

X 
0 

0 5 X 

4 (b) x = 56.9, y = 27.7; 

(c) Sn = 16 570.929, Svv = 3568.857 1 
r = 0.880. 

(a) and (b) 

60 

40 

Diamete!· 
( 111111 ) 

20 

X 
00 

Graph of lichen diameter against age 

x 

X 

X X 

X X 
X 
X 

X X X 

X 
X 

50 100 
Age (years) 
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y 
r = - 0.994 

50 X 

X 
25 X 

X 

0 
X 

0 3 6 9 12 X 

y 

40 X 

X X 
20 r = 0 

X X 

0 
0 4 8 12 X 

X 

-

y 
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5 (a) 

Lengt h 
(em ) 

120 

11 6 

11 2 

108 

104 

100 X 

15 

Graph of length against temperature 

X 

X 

X 

20 25 30 
Temperature (0 C) 

(b) r = 0.949. 

(c) Di sca rd (24, 100 .6 )) ~ new r = 0.996. 

It appears there is an almost exact linea r relati onship once (24, 
100 .6) is removed. However, even w hen including thi s point the fit 
was very good. 

X 

X 

35 40 



6 (a) Graph of score against numbe r produced 

8 

X 
7.2 X 

X 

X 

6.4 X 
X 

Score X 

5.6 
X X 

X 

X 

4.8 
X X 

4 

10 20 

Number o f items produced 

(b) r = 0 .6 10; 

(c) The data appear to show tha t the owner's belief is inco rrect as 
there is wea k pos iti ve corre la tion . Howeve r, if the da ta were 
di vided in to two groups, the owner's be lief may be tru e as the 
ex pe ri enced craft sm en (2, 4 , 8, 9, 10, 13, 14 perhaps ) m ay produ ce 
hi ghe r qua lity good s, but th is qua lity m ay deteri ora te if ru shed. 

30 
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7 (a) 

Total 
amount 

spent 
(£) 

60 

55 

50 

Graph of total amount spent against 
amount spenton sport 

X 

X X 

X 

X 
X 

X 

X 
X 

X 

45 X 

0 5 10 15 
Amount spent on sport (£) 

(b) r = 0.824; 

(c) It appea rs appropria te since the data seem to follow a linea r 
relat ionship. Since x is part of y, it might be bett er to exa mine 
rela tionship of x with y - x. 

8 (b) r = 0 .937; 

X 

(c) Ca lcula tions seem inapprop ri ate as a clea r non-li nea r rela tionship 
is seen - des pi te high va lue or r. 

9 (a) r = - 0 .798; 

(b) r= - 0.8 17; 

(c) Both va lues for r show fairly strong nega ti ve corre la tion ind ica ting 
(a) higher hea rt va lue fun ction lin ks to lower baldness and (b) 
hi gher hours of TV li nks to lower hea rt fun ction. 

X 

(d) Data docs not provide evidence for a ca usa l li nk between wa tchi ng 
TV a nd any effec t on hea rt fun ction. There may be a separa te 
fac tor which is li nked to bo th number of hours wa tching TV and 
hea rt function. 



8 Regression 

EXERCISE BA 
I (a) 

Hea rt 
ma ss 
(mg) 

y 

200 

I SO 

160 

140 

120 

100 

(b) y = 48.4 + 2.75x. 

X 

25 
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Graph of heart mass against body mass for 14 mice 
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2 (a) Graph of blood pressure against age 

Systoli c 
blood 

pres sure 

y 

175 

150 

125 

100 

(b) y = 62 .8 + 1.58x; 

30 40 

(c) (i) y = 1.5763 x 20 + 62.766 = 94.3, 
(ii) y = 1. 5763 X 45 + 62.766 = 133.7; 

50 
Age (years) 

(d) (i) Extrapola ti on - no t acc urate, linear mode l may not continue, 
(ii) In terpola ti on - li ke ly to be reasonabl y accu rate. 

3 (a) Graph of hardness of shell against supple ment amount 

Hardness 
of 

shell 

y 

7.5 

5.0 

2.5 

0 

5 

X 
xx 

X 

XX 

10 15 20 
Supplement (g) 

X 

60 70 X 



(b) y = 0.486x - 2.40; 

(c) yon sca le 0- 10, m ode l ca nno t ex te nd to va lues o f x o u tside ra nge 
5-25 (a pp rox im a te ly ). 

4 (a) a nd (c) 

Actua l 
age 

(yea rs ) 

y 

50 

40 

30 

20 X 

20 

(b) y = 1.03x + 0.533; 

Graph of predicted age against and actual age 

X 

30 
Predicted age (years) 

(d) With th e exce pt io n o f C, pred ict io n s seem fa irly accura te- the 
po in ts a ll lie close to the line. It wo ul d be adv isa ble to in ves ti ga te 
perso n G to see if they shou ld be excluded (been ill/ in pri so n? ). 

Answers 20 I 

40 X 



202 An swers 

5 (a) and (c) 

Pri ce 
(£ X 1000) 

y 

7 

6 

5 

4 

3 

2 

(b) y = 3.02x + 237; 

5 

Graph of price against capacity 

X 

10 

X 

X 

X X 

X 

15 
Ca pacit y ( 100 cm 3 ) 

(d) Model J is recommended (wel l below line- very low pri ce ). 
Discourage m odels A. E a nd K (above line- hi g h pri ce) 

X X 

20 25 X 



6 (a) Graph of salary against score 
y 

20 

16 

Sa lary 12 
(£ X 1000) 

8 

X 

4 

0 
10 

(b) y = 192x+37 13; 

X 

xx 

20 30 

XX 

0 

40 

X 

50 
Score 

X 

(c) Points close to straight line, apart from 8 and C. Method should be 
reasonab ly sati sfactory . 

(d) Sa lary = a+ bx + t, where ti s an addi ti ona l payment for 
employees who ha ve to work away from home. 

X 

60 
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7 (a) Graph of time to pack against number of items 
y 

500 

400 

Time to 
pack (m in ) 300 

200 

100 

10 20 30 40 
Number of it ems 

(b) r = 0.897, consistent with lin ea r relationship, more it ems~ more 
time to pack; 

(c) y= 166 + 4.62x; 

(d) y = 4.6 16 1 X 45 + 165 .52 = 373, should be fa irl y accura te but 
wou ld depend on packer; 

(e) Betty= - 59.0, - 3 1. 7, -33.2, average - 41.3 , 
Alice= + 47.2, + 49.8, + 56.7, ave rage + 5 1.2; 

(f) (i) Betty 373.2-4 1.3 = 332, 
(ii) Alice 373.2 + 51.2 = 424. 

X 

50 60 

X 

X Ada 
• Betty 

+ Ali ce 

70 X 



8 (a) 

y 

100 

90 

80 

Cost 70 
(£ X 1000) 

60 

50 

40 

30 

(b) y= 0.96 1x+20.7; 

10 20 

(c) Approx imately 32 000 output; 

Graph of cost against output 

30 40 50 60 
Output ( X IOOO) 

(d) If output above 32 000 a quarter, profit w ill be mad e. 

9 (a) Graph of de flec tion against temperature 
y 

5 

+ 

4 

Deflection 

3 

+ 
20 30 40 50 

TemperaLUre (0 C) 
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(b) y = 0.0453x + 1.42; 

(c) Technician B seems to give higher result s than A. A and B a rc 
both con sistent , however, Cs res ult s a rc ve ry errat ic; 

(d) Check which of A and B is 'accura te'. Try to find and eliminate 
ca use of small sys temati c difference between A and B. Check Cs 
measurements: C needs retrainin g. 

10 (a) and (b) Graph of takings against number of part-time staff 
y 

370 

360 
X 

350 

Takin gs 
( £' 00) X 

340 

X 

330 

X 
X 

22 28 
Num ber of pa rt -time staff 

(b) y = 294 + 1. 73x; 

(c) £29 400, es timate of takin gs when no part -time sta ff employed. 
£ 173 es timate of ex tra taken per ex tra part -time member of sta ff; 

(d) Week with 28 sta ff - abnormall y low takings relative to pattern ; 

(e) Eas ier to orga ni se steady increase of part -time sta ff than week­
to-week flu ctu ations, however increas ing number many co incid e 
w ith another fac tor - such as run -up to Chri stmas- which will 
increase takings. From a sta ti sti ca l point of view, it is better to 
randomly order the weeks in which the give n numbers of pa rt ­
time sta ff a rc used . 

X 

34 X 



11 (a) and (b) Graph of estimated age against actual age 
y 

100 

90 

80 

70 

Es tim ated 60 

age 
(years) 

50 

40 

30 

20 
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J 

0 10 20 

X 
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30 

I 
X 

E 

40 50 60 

Actual age (years) 

(b) y = 0.984 + 0.853x; 

(c) D- - 0.860 1 - 5.44; 

(d) D ha ~ a small res idual but is a poor es tim ate. 
I ha s a large res idual but is a good es timate. 
Sma ll re sidual indi ca tes similar pa tt ern to other es timates. 

70 

As Paulo tend s to underestimate ages thi s mean s a poor estimate 
in thi s case. 

A 

80 90 
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12 (a) and (b) Graph of load time against hired help 
y 

390 

X I 
380 

370 

360 2 

350 

Load 340 

time 
(min ) 

330 

320 
4X 

X 

3 10 
5 X 

300 

290 

2800 
2 3 4 5 6 

Number of helpers 

(b) y = 396 - 11.5x; 

(c) a - es timate of tim e to load va n with no loca l people hired 
b- es timate of reduction in time to load va n for each loca l 
person hired; 

6 

7 

(d) Ex trapola tion, es timate wo uld be nega tive, which is im poss ible; 

(e) Ca nnot tell if reduction in time is due to more people hired or to 
roa di es ga ining more ex perience. 

Exam style practice paper 

I (a) 0.289; (b) 0 .201 ; (c) 0 .290 . 

2 A parameter is a numeri cal property of a popula tion, a sta ti sti c is a 
numeri ca l property of a sa mple. 

3 (a) (i) 0 .333, (ii) 0.4, (iii) 0 .4; 

(b) (i) W, X. Member ca nnot be both adult and junior, 

(ii) V, X P(X ) = P(X I V). 

8 

7 
X 

9 

9 

10 X 



4 (a) m edi a n 52.4 (52- 53 ), inte rqu a rti le ran ge 20. 7 ( 19-2 1 ); 

(b) m ea n 54.2, sd 17.4, a ll ow 17. 1; 

(c) 54. 1 (5 3. 5- 54.5) ; 

(d) (i) m edian - canno t calcu la te mean w ithout kn owing times o f 
slowes t three assembl y worke rs (o ther reason s accepted) , 

(ii) 54.1. 

5 (a) 36.3- 60.5; 

6 

(b) (i) 46.42-52 .58, (ii) 17.2-8 1.8; 

(c) Evidence m ea n is grea te r tha n 25 but so me indi vidua ls w ill be le ss 
th a n 25. 

(a) and (b) Graph of cut time against time s ince la st cut 

y 

50 

48 

46 

44 

42 

40 

38 
Cutt ing 
ti me 36 
(m in) 

34 

32 

30 

28 

26 

24 

22 

X 

200 2 4 6 8 14 16 18 20 22 24 X 

Days since las t cut 

(b) y = 14.6+ 1. 5 1x; 

(c) (i) Es timate of addi ti ona l time to cut law n fo r each additi ona l 
da y since las t cur. 

(ii) Es tima te o f time to cut law n a second time imm edi a tel y a ft e r 
firs t cu t. 
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(d) Ex trapol a tion un w ise. Gras s ma y be too lo ng for lawnmower to 
fun cti on (or other sen sible an swer); 

(e) Time s ince la s t cu t wi ll affect tim e to cut. Time to cu t wi ll not 
affect time s ince las t cu t. 

7 (a) (i) 0.977, 

(b) 8 .20 a.m; 

(c) 8. 17a. m ; 

(ii) 0.819; 

(d) (i) Shortes t mean travelling time, 

(ii) Leas t va riabl e tra ve lli ng tim e. 
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